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1 Logic, sets and functions

1.1 Logic

Definition 1.1 (Statement). A statement is a
sentence with the following properties:

1. It states a fact.

2. It is either true or false.

Example 1.1.

1. “Christmas is in December.”

(is a correct statement and true)

2. “Bonn is the capital of Germany.”

(correct statement and false)

3. “Are you hungry?”

(incorrect statement)

4. “I shave every man in my village.”

(correct statement, can be true or false)

5. “I shave every man in my village who can’t
shave himself.”

(incorrect statement since impossible to re-
solve)

<

Remark: For convenience we write 0 for false
and 1 for true.

Definition 1.2 (Compound statements). Let a
and b be statements, then we form the following
compound statements:

1. negation: “not a”, written as @ or —a

2. conjunction: “a and b”, written as a A b

3. disjunction: “a or b”, written as a Vb

4. tmplication: “aimplies b”, written asa = b
5. equivalence: “a equals b”, written as a < b

and define it by the following truth table:
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a bla aNb aVb a=b a<b
0 0|1 0 0 1 1
0 1|1 0 1 1 0
1 0]0 0 1 0 0
1 110 1 1 1 1

<

Example 1.2. As an example for implication
let us look at the following statement: “If it
rains the street will be wet.” It may be written
in the following table:

weather street | statement is

not raining  dry true
not raining  wet true
raining dry false
raining wet true

It appears unfamiliar that the first two lines
support the statement and that only the third
line result in false. However, the statement does
not state that it does not rain or that the street
might not get wet by some other means. Hence,
the statement remains true except for the com-
bination of rain and a dry street. <

Theorem 1.3 (Laws on logic). Let a, b and ¢
be statements, then we have:

1. Associativity:

(anb)ANec=aN(bAc)
(avb)Ve=aV (bVc)

2. Commutativity:

aANb=bAa
avVb=bVa

3. Distributivity over A and V:

aV(bAc)=(aVb)A(aVec)
aN(bVe)=(anb)V(aAc)

4. Double negation:

Q||
I
k)



5. De Morgan’s laws:

S
>
S
I

S|

]
<
S
I
S]
> <
SN

6. Implication and indirect proof:

a=b=aAb
(See next remark for an explanation.)
<
Proof. All listed laws may be proved by truth

tables. Exemplary we prove the first law of De
Morgan:

a b\a b aAb aAb aVvb
0 0|1 1 0 1 1
0O 1|11 0 0 1 1
1 0]0 1 0 1 1
1 110 O 1 0 0

The last two columns are equal, hence, the first
law of De Morgan holds. O

Remark: The implication is often used for the-
orems: “If statement a holds then statement b
holds too.” For a false statement a the implica-
tion is true for any statement b. Hence, to prove
such theorems we focus an a true statement a
and look at statement b.

A common way to prove a theorem based on
an implication is to perform an indirect proof.
I.e. we assume that statement a is true and
statement b is false. If we then find out that
this assumption leads to a contradiction then
the original theorem is true.

a bla=b aAb aAb
0 0 1 0 1
0 1 1 0 1
1 0 0 1 0
1 1 1 0 1

Example 1.3. Indirect proof.

Theorem: p € Q = p?> # 2, ie. if pis a
rational number then p? can not be 2.

Here statement a is p € Q and statement b is
p? # 2. Instead of proving that a = b (or a A b)
is true we prove that a A b is false.

Proof: Suppose there is a rational number p
and that p? = 2. Since for statement b the sign

of p plays no role we focus on positive rational
numbers only.

p being rational means there are natural num-
bers m,n € N such that p = * and we can
assume that m and n are not both even. (Oth-
erwise we can cancel all common 2’s.) Then we
have

and thus m? = 2n?

2 is even. If m? is even then m is also

Hence m
even. (The square of an odd number is again

odd.) With m even we can write for & € N:
m? = (2k)? = 4k* = 2n® and thus n? = 2k>

Hence n? and subsequently n is even. le. m
and n are both even which is a contradiction to
our assumption. Hence, since (p € Q) A (p? = 2)
is false we find p € Q = p? # 2 is true. <

Definition 1.4 (Quantifiers). In addition to
the above specified logical operators with one
or two arguments we have two more, so-called
quantifiers with a variable number of argu-
ments:
universal quantifier:

Yz . “for all x”
existential quantifier:

Jz : “there is (exists) an x” <

Example 1.4.

1. Ve Nwehavex +1=1+2z

(Commutativity of addition for any natural
number with 1.)

2. Yz € N dy € N with the property y > =

(For any natural number there exists a
larger one.)

1.2 Sets

Definition 1.5 (Sets). Georg Cantor (1845 -
1918):

A set is “a collection of certain well
defined objects of our perception or
thinking.”
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The objects contained in a set are called ele-
ments of the set M. For Objects x and a set M
we write

reM
x ¢ M

if z is an element of M

if z is not an element of M

The sequential arrangement of the elements
does not change the set. Every element appears
only once in a set. <

Example 1.5.

{a,b,c,d} is a set.

{a,b,c,c} is not a set.

{a,b,c} = {a,c,b} = {b,a,c} = {b,c,a} etc.
<

Remark: In order to define a set M, there are
two different ways:

1. Extensional definition: We itemize all ele-
ments of the set.

M = {al,ag,ag, .. }

2. Intensional definition: We define the set by
its characteristic properties.

M = {x | x with properties E1, Fa, E3, ...}

Example 1.6. Extensional definition of sets:

M; ={0,1} (set of boolean values)

My = {4, &,Q0 O (colours of playing cards)
Mz ={a,b,c,...,z} (lower case alphabet)
My =1{2,4,6,8,...} (positive even numbers)
Ms;={...,-2,—-1,0,1,2,...} (set of integers)

With these sets we have:

0€ M, 2¢ M,
Qe M, 1 ¢ My,
a € Ms, A ¢ Ms,
4 € My, 5¢ My,
1€ Ms, 1.5 ¢ Ms.

<

Example 1.7. Intensional definition of sets:

My ={zx€Z|x =2k ke€Z} (even numbers)
My ={zeN|z=k*kecN} (square numb.)
Ms={zxcR|2*>—4zx+3=0}
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My={ze€Q]|z| <2}

With these sets we have:

—4 € My, 3¢ M,
9 € My, -9 ¢ Mo,
1 € M, 2¢ Ms,
2 € My, V2 ¢ My.

<

Remark: The term x € M has a logical result

which is either true or false and we have:
reEM=x¢M and r¢M=xeM

I.e. an element x either belongs to a set M or
not — there is nothing intermediate.

Definition 1.6 (Subsets, equal- and empty
sets). Let A and B be sets.

e We say A is a subset of B if every element
of A is also an element of B:

ACB & VYa:a€A=a€B

e We say A equals B if every element of A is
also an element of B and vice versa:

A=B & Va:a€cAsa€eB
or A=B & ACBABCA

e We say A is a proper subset if A is a subset
of B but A does not equal B:

ACB & ACBAMANA#B
(Obviously, A # B means A = B)

e We say A is an empty set if it contains no
elements:
h={}

<
@ B ACB
Example 1.8. With A = {1,2,3}, B =
{1,2,3} and C' = {1,2,3,4} we have
AC B, A =B, AcC
An empty set:
{reR|2*+1=0} =10
<
3



Definition 1.7 (Union, intersection, comple-
ment). With A and B being sets and U the set
of all possible elements we define the following
operators:
AUB={z |z € AVz € B} (union)
ANB={zx|z€ ANz € B} (intersection)
A\B={rx€ A|z ¢ B} (complement)
A =A={zcU|z¢ A} (absolute compl.)

<

@
e

p S
D
Sy
A S
-
Sy

A
0
L

Remark: The absolute complement equals the
complement of U to A:

A=U\4

Theorem 1.8 (Laws on sets). Let A, B and C
be sets, then we have:

1. Associativity:

(ANB)NC =AN(BNC)
(AUB)UC =AU (BUC)

2. Commutativity:

ANB=BnNA
AUB=BUA

3. Distributivity over N and U:

AN(BUC) = (ANB)U(ANC)
AU(BNC)=(AUB)N(AUC)

4. Double absolute complement:
A=A

5. De Morgan’s laws:

BN
D
Sy
I

AN
C
Sy
Il
NN
O C
% &

@

(AUB)=ANB

o)

(ANB)=AUB

Proof. The proof is performed by the elements
of the sets. Exemplary we prove the first law of
De Morgan for any =z € U.

re(ANB)ex¢ (ANB)<ex2¢ (ANB)
sreANzEB
sr€AVrEB
sr¢ AVae ¢ B
srcAVreB
sz e (AUB)

1.3 Relations

Definition 1.9 (Cartesian product).

Let My, Ms, ..., M, be sets, then the set of
all n-tuples (a1, as,...,a,) where a; € M; for
1 =1,...,n is called the Cartesian Product of
My, Mo, ..., M, and is denoted by M; x My x
coo X My, ie.

My x My x ... x M,
= {(ay,a2,...,an) |a; € M;,i=1,...,n}

<

Remark: The tuple-elements of a Cartesian
product are ordered, e.g. for an Cartesian prod-
uct of two sets we have:

(a1,a2) # (a2, a1)

I.e. for two sets A and B we have
AxB#BxA

unless A and B are equal.

Example 1.9. Each card of the 52 cards of a
standard playing card set (excluding jokers) has
arank (2,3,4,5,6,7,8,9, 10, jack, queen, king
or ace) and a colour (&, &, O, ).
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With
R=1{2,3,4,5,6,7,8,9,10,J,Q,K, A}
and
C = {&7 ‘7 @7 <>}

we may look at the playing cards P as the
Cartesian product of R and C:

P=RxC :{(27&% (27 .)a (2? @)v (27 <>),
(3,%),(3,8),...,(4,9),(4,0)}
<

Example 1.10. All possible positions in a
three dimensional space R?® may be described
by the Cartesian product of three sets of real
numbers R:

R3=R xR xR = {(x1,22,23) | 2; € R} <«

Definition 1.10 (Binary relation). With A and
B being sets we call

RCAxB
a binary relation. <

As the name binary relation suggests it de-
scribes the relation between two sets.

Example 1.11. Let x and y be natural num-
bers. The term = > y may be looked at as a
binary relation R which is a subset of N x N:

R={(z,y) |z >y,z €N,y e N}

={(1,1),(2,1),(2,2),(3,1),(3,2),(3,3),...}
CNxN

and we get

(r,y) e R < x>y

|

N OO W N
<~
<L
LU
L=
L&
L@
Ly
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<

Definition 1.11 (Function). Let A, B be sets,
R C A x B be a binary relation and let R be
such that

1. for all z € A there is a y € B such that
(z,y) € R

2. lf (Jj’yl)a (xay2) S R then Y1 = Yo.

If 1 and 2 are satisfied, we can interpret R as a

function f : A — B.

We call A the domain and B the codomain.
Instead of writing (z,y) € R we write x — f(x).
<

Example 1.12.

1. Square of natural numbers:

Iy N — N
1 oz 22
2. Cosine of real numbers:
f R—R
| @ cosp
3. Natural logarithm:
f . R>0 — R
"l z—1nzx

<

Definition 1.12 (Identical and constant func-
tions).

1. Let M be a set and f a function. We say
f is an identity function idyy if
M- M
r:d

=

2. Let X and Y be sets, yo € Y and f be a
function. We say f is a constant function
if

I X =Y
’ T — Yo

<
Definition 1.13 (Image and inverse image set).

Let A and B be sets and f : A — B a function.
For the subsets X C A and Y C B we define:



1. image set of X:

image set of X

2. inverse image set of Y

YY) ={zcA|fx)eY}CA

! B
inverse image set of Y

<

Remark: By this definition the function f is
used in two different ways:

1. The function f maps an element = of its
domain to an element y of its range.

z—y = f(z)

2. At the same time the function f maps the
domain X to the image set Y:

X =Y = f(X)

Example 1.13. Let f be a function:

f:{ Z—>22

Tr+—x
then
f({1,2,3}) = {1,4,9}
f1{1,4,9}) = {-3,-2,-1,1,2,3}
{23 ={=0
<

Definition 1.14 (Injective, surjective and bi-
jective functions). Let A and B be sets and f

be a function:
Iy A—B
|z f(x)

1. f is called injective (one-to-one) if

f(z1) = f(x2) = 21 = z2.

2. f is called surjective (on-to) if for all y €
B there are one or more z € A such that

f(z) =y.

3. fis called bijective if it is injective and sur-

jective.

Example 1.14. Let f: {

N—-N
T2z

f is injective: 2x1 = 2w = 1 = X9
f is not surjective: e.g. 3 is not an image
f is not bijective: since f is not surjective. <

Example 1.15.
Letf:{ N — {0,1}

z even — 0,x odd — 1

f is not injective: e.g. f(1)= f(3)=1#3
f is surjective: 0 and 1 are images
f is not bijective: since f is not injective. <

Example 1.16. Let f : {

R—R
x> 12
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f is not injective: e.g. f(1) = f(—1) =1 #
-1

f is not surjective: e.g. -1 is not an image

f is not bijective: since f is not injective and
not surjective. <

RZO — RZO

x — 22

f is injective: x1° = Z92 = 1 = T9

f is surjective: f(R>p) =Rx>q

f is bijective: f is injective and surjective. <

Example 1.17. Let f: {

2

Definition 1.15 (Inverse function). Let X and
Y be sets and f be a bijective function f : X —
Y. We then call

f_l'{ Y - X

fz) =

an inverse function. <

Example 1.18. The function

f R>p — R>o
oz 22

has the inverse function

f_l . Rzo — Rzo
| 22—

which is the square root:

z=1""y) =y

where y = x°. <
1.4 Problems

Problem 1.1: Which of the following sets are
defined correctly?

1. My ={1,2,3,5}

2. My ={0,1,2,a,b,c}

3. My =1{0,1,...,9}

4. My ={0,-1,1,-2,2,.. .}

5. Ms=1{...,—2,-1,0,1,2,...}
6. Mg ={%|q,p€Zp#0}

7. M;={z eR|2? =4}

8. Mg={zeR|2?=-1}
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9. My={ze€Z|2*=2}
Problem 1.2: Give an intensional definition
of the following sets:

1. My ={2,4,6,8,...}

2. My, =1{1,4,9,16,...}

3. Ms={1,%,%,1,...}

4. My ={2,46 8 10 1}
Problem 1.3: Give an extensional definition
of the following sets:

1. My ={x eN|z=3n,neN}

2. My ={zeN|z=nlneN}

3. M3 ={x eR|2?=4}

4. My ={z R |23 2% -22=0}
Problem 1.4: Let A, B and C be statements

that are either true or false. Give the truth
table of the following terms:

1.

N
w

A

|
|

2. Av

3. AVB

4. ANB

5. AA(BVO)

6. (AANB)V (AAC)
7. AV (BAC)

8. (AVB)A(AVC)

Problem 1.5: Express the following terms
with conjunction and negation only:

1. AVB

2. A= B

3. A& B

Problem 1.6: Prove the following tautologies
(i.e. terms which are always true):

1. AVA



2. (A=B)s AAB

3. (Ao B) & (AAB)V (AAB))

Problem 1.7: Express the following state-
ments with quantifiers:

1. “For all problems there exists an solution.”

2. “Not all people with a driving license own
a car.”

3. “There are passengers in public transport
who do not have a valid ticket.”

Problem 1.8: Express the statements of
the previous problem with negated fragments
in plain words and with quantifiers.

Problem 1.9: For the following sets A and B

find out which terms are correct:
set A {1,2,3} | {a,b,c,d} | N|N
set B | {1,2,3,4} | {a,b,d} | N | Z
A=B
A#B
ACB
ACB
ADB
ADB

Problem 1.10: With A = {1,2,3,a,b,c},

= {1,2,3,4,5} and C = {a,b,c,d,e} give
the result of the following terms by extensional
definition:

1. AUB

2. AnNB

3. AnC

4. A\ B

5. (BUC)\ A
Problem 1.11: Proof the first and second dis-
tributive law for conjunction and disjunction.

Problem 1.12: With A = {1,2,3} and B =
{a, b, c} write the Cartesian product A x B by
extensional definition.

Problem 1.13: With A = {0, 1} define exten-
sional the Cartesian product A x A x A.

Problem 1.14: Write the following functions
as a subset of the Cartesian product by exten-
sional definition:

N —- N
L. f{ z+—2x+1

7 — 7
2 f'{ T 22

Problem 1.15: With A = {1,2,3} and
R C A x A check for Cartesian product, binary
relation and function:

Cartesian
product
binary

relation

function

subset RC Ax A
{(, 1) (2,2), E3 ,3)}

Problem 1.16: Check the following terms for
injectivity, surjectivity and bijectivity:

+ Q +
Q <& Q
) e 5}
Lawr) = -
term g @ =
N—-N
r— 3z +1
f Z%NU{O}
x — x2
N—Z
f {am—):z:
7 — 7
f {x»—mv
R—-R
f {a:»—>x
f R—)R>0
x +— exp(z
f R>0—>R
x — In(z
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2 Natural numbers, and integers

2.1 Natural numbers N

Definition 2.1 (Natural numbers). We call the
set of integers larger than zero natural numbers

N={1,2,3,...}
with the two operators '+’ and ’-’ for addition
and multiplication, respectively. <
Theorem 2.2 (Calculation rules for N). For
a,b,c € N we have:

1. Closure:
a+beN
a-beN
2. Associativity:
(a+b)+c=a+(b+c)
(a-b)-c=a-(b-c)
3. Commutativity:
a+b=b+a
a-b=b-a
4. Distributivity over +:

a-(b+c)=a-b+a-c

5. Neutral element for -:

a-1=a

<

Remark: In logic the distributivity holds over
both operators, conjunction and disjunction.
For sets the distributivity holds over union and
intersection. For the natural numbers the dis-
tributivity holds only over addition and not over
multiplication.

Definition 2.3 (Divisor). A natural number n
is called divisor of m € N if there exits a natural
number p such that

m=mn-p

In short we write n | m. <
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Remark: Every natural number n has at least
the two trivial divisors 1 and n. The other di-
visors are called non-trivial divisors.

Natural numbers divisible by 2 are called
even. Natural numbers not divisible by 2 are
called odd.

Definition 2.4 (Multiple). A natural number
n is called a multiple of m € N if there exists a
natural number p such that

n=p-m <

Remark: If n is a multiple of m withn =p-m
then p is a divisor of n. Since 1 is a natural
number any natural number n is a multiple of
itself: n =1-n.

Definition 2.5 (Prime number). A natural

number n larger than 1 is called prime if it has
only the divisors 1 and n. <

Example 2.1. The set of the first ten prime
numbers: {2,3,5,7,11,13,17,19, 23,29} <

Definition 2.6 (Prime factor). Let n be a nat-
ural number. We call p € N a prime factor of n
if it is prime and a non-trivial divisor of n. <

Theorem 2.7 (Unique prime factorization).
Any natural number greater than one can be
written as a unique product of primes. <

Example 2.2.
e 21=3-7
e 60=2-2-3-5
e 37 =237

® 999999 =3-3-3-7-11-13-37



Definition 2.8 (Product of sequences). For
m,n € N and m < n let ap be a number for
all k€ {m,m+1,...,n—1,n}. We then write
the product of all ag:

Hak = Qm cQm41 .- Qp—1 * Qp
k=m

For m > n we define:
n

H ai =1 <
k=m

Remark: The product of sequences may be
used to express prime factorization. With
P1, P2, - .-, Pn for n prime factors we can write

n
Hpk =pr1-p2
k=1

- Pn—1"Pn

Definition 2.9 (Greatest common divisor).
With m,n € N we call p € N the greatest com-
mon divisor p = ged(m,n) if

1. pis a common divisor of m and n, i.e.

plm A pln

2. any other possible common divisor of m
and n is smaller than p.

<
Example 2.3.
e gcd(12,8) =4
e gcd(9,162) =
e gcd(45,49) =
e gcd(8638,7404) = 1234
<

Remark: The greatest common divisor can be
used to cancel down fractions.

Example 2.4.
12 3-4 3
o — = —
8 2.4 2

9 1.9

® 162 18-9 18
45 451 45

o — — e
49 49-1 49

10

, 8638 _ 71234 7
7404  6-1234 6

<

Remark: The greatest common divisor p of
two natural numbers m and n can be derived
by the common prime factors. IL.e. the prime
factors of m and n are listed side by side and
the common primes are then multiplied which
leads to the greatest common divisor.

Example 2.5. What is the greatest common
divisor of 180 and 1687

180=2-2-3-3-5=22.32.5.70
168=2-.2.2.3.7=23.31.50.7¢
ged=2%2.31.50.70 =12

<
Definition 2.10 (Least common multiple). Let

m and n be natural numbers. We call p € N the
least common multiple p = lem(m,n) if

1. pis a common multiple of m and n, i.e. m
and n are both divisors of p:

m|p A nlp

2. any other common multiple of m and n is
greater than p.

<
Example 2.6.
e lem(12,8) =24
e lem(9,162) = 162
e lem(45,49) = 2205
e lem(8638,7404) = 51828
<

Remark: The least common multiple is useful
when adding fractions.

Example 2.7.
1 1 1-2 -3 243 5

12+8_12-2+8-3_ 24 24
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Remark: The least common multiple p of two
natural numbers m and n can be derived by the
product of their prime factors where the com-
mon prime factors are only included once.

Example 2.8. What is the least common mul-
tiple of 180 and 1687

180=2-2-3-3-5=22.3%.5".7"
168=2-2-2-3.7=2%.3".50.71
lem = 2% 3%.5" . 71 = 2520
<
Theorem 2.11 (Product of ged and lem).
Let m and n be natural numbers, ged(m,n)
the greatest common divisor and lem(m,n) the

least common multiple of m and n. We then
have

ged(m,n) -lem(m,n) =m-n

<

Example 2.9. With m = 180 and n = 168
from the previous examples we have

ged(m,n) -lem(m,n) =m-n
12 . 2520 = 180 - 168
30240 = 30240

<

Theorem 2.12 (Division with remainder). Let
a and b be natural numbers, then there ex-
ist unique numbers ¢ € N U {0} and r €
{0,1,2,...,b— 1} with

a=q-b+r

We call a the dividend, b the divisor, q the quo-
tient and r the remainder, i.e.
dividend = quotient - divisor 4+ remainder <

Example 2.10.
e 10=2-4+2
e 15=2-6+3
e 149 =2.50+49
e 128=8-16410
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Theorem 2.13 (Euclidean algorithm). For two
natural numbers m and n we can find the great-
est common divisor ged(m,n) by a series of di-
visions with remainder:

We call the larger of the two numbers ag and
the smaller a;. Now we perform a division of
ag by ayp. If the remainder is zero then aq is
the ged, if not we call the remainder ay and we
divide a1 by as.

This is repeated until there is no remainder
left. The last divisor then is the greatest com-
mon divisor ged(m, n). <

Example 2.11. Find the greatest common di-
visor of 276 and 192.

276 =1-192 484
192 =2-84424

84 =3-24+12
24=2- 12 40
ged
Hence ged(276,192) = 12. <

2.2 Representation of natural
numbers

Yet, when representing a particular natural
number we used the decimal number system.
However, this is just one of many ways to note
numbers.

Example 2.12. Roman numerals.
The Romans used a number system with the
following characters:

character value
1

5

10
50
100
500
1000

SEUQN X<~

(The Romans did not have a character for zero!)
In principle the characters could be placed in
any order, however, they are ordered with de-
creasing values. So, the number 27 may be writ-
ten as

21=2-X4+1-V+2.I=XXVII

11



To avoid four equal characters in a row (e.g. 4 =
I1IT) one of the characters is written before the
one with the next higher value (e.g. 4 = IV).
Some examples:

19 = XVHIT = XVIV

54 =LIV

9 =1 =LXLVIV
1749 = MDCCXLVIV
1750 = MDCCL

(* J. W. Goethe)
(t J. S. Bach)

If you try to perform multiplication or other
mathematical operations with this number sys-
tem you will understand why other number sys-
tem superseded the Roman numerals. <

Definition 2.14 (Sum of sequences).

For m,n € N and m < n let a; be a number for
all k € {m,m+1,...,n—1,n}. We then write
the sum of all a:

n
Zak =amtam1+ ...t ap—1tay

k=m

For m > n we define:
n

aip =0 <
>
k=m

Definition 2.15 (Positional notation). A posi-
tional system represents a natural number p to
a base b with N digits by, k =0,..., N—1, each

being a natural number 0,1,...,b — 1 with
N-1
p=2 bt
k=0

The digits are written with decreasing order
with no spaces between:

bny_1bn—2 - babibg

To explicitly state the base of a number the base
may by written as a subscript behind the num-
ber (the brackets are optional):

p= ( .. b3b2b1b0)b <

Example 2.13. Below the numbers 0 to 20 in
some number systems: decimal (base 10), bi-
nary (base 2), quinary (base 5), octal (base 8)
and hexadecimal (base 16).

12

=

g

—_— Q
= » 5 £
= @ = < <
g £ 2 B8 B
o Q (o) o =]
0 0 0 0
1 1 1 1 1
2 10 2 2 2
3 11 3 3 3
4 100 4 4 4
5 101 10 5! 5)
6 110 11 6 6
7 111 12 7 7
8 1000 13 10 8
9 1001 14 11 9
10 1010 20 12 A
11 1011 21 13 B
12 1100 22 14 C
13 1101 23 15 D
14 1110 24 16 E
15 1111 30 17 F
16 10000 31 20 10
17 10001 32 21 11
18 10010 33 22 12
19 10011 34 23 13
20 10100 40 24 14

Except for the quinary all other number sys-
tems play an important role in mathematics and
computer science. <

Example 2.14. Conversion from base b to base
10. We apply the sum in definition 2.15, e.g.

e 1015 =1-224+0-2" +1-20 =5y,
e 1233 =1-82+2-8'+3.80 =83
o 6Fig=06-16"+15-16" = 1114
<

Example 2.15. Conversion from base 10 to
base b. We repeatedly perform a rest division
by b until we get a quotient of zero. The rest-
values give the number with base b in reverse
order.

e 123419 — hexadecimal:

1234 = 77-16+ 2
77 = 4-16413 (D) | = 4D2s
4= 0-16+ 4

e 251y — binary:
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25=12-2+1

12= 6-240

= 3240 = 11001,
3= 1241

1= 0-2+1

<

Example 2.16. Conversion between base 2
and 8. One octal digit gives three binary digits
and vice versa. Hence, we only need to memo-
rize the first eight rows of the table in example
2.13 to rapidly convert between the two bases.

e 10101013 =1 010 101 = 1253
e 7658 = 111110101 =111110101,
<

Example 2.17. Conversion between base 2
and 16. One hexadecimal digit gives four bi-
nary digits and vice versa. Hence, we only need
to memorize the first sixteen rows of the table
in example 2.13 to rapidly convert between the
two bases.

e 1110001110002 = 1110 0011 1000 = E381¢
e 12316 = 0001 0010 0011 = 1001000115

Binary numbers are often grouped by four digits
which make them more readable. <

2.3 Mathematical induction

Example 2.18. Carl Friedrich Gaufl being a
schoolboy nine years old once was given the
task to add the first 100 natural numbers. The
teacher hardly finished the sentence when little
Carl wrote 5050 on his tablet. To add the first
n numbers he used the following relation:

ii_n-(n—i-l)
-~ 2
i=1

Is the equation correct? Does it hold for any
number of summands? How do we prove that
this equation holds for any natural number n?
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Carl Friedrich Gaufl (1777-1855)

<

Definition 2.16 (Definition by induction). Let
ng € N and a, be an object for all n > ng. A
way to define all a,, is

1. Extensional definition of the first object ag
or first few objects.

2. Definition of any subsequent object by its
predecessors.

We call this definition by induction. <

Example 2.19. Factorial numbers
1. ap:=1
2. ap ' =n-ap_q <

Example 2.20. Fibonacci number
1. ap:=0,a1 :=1
2. apy1i=an +ap—1 <

Example 2.21. Heron’s method for /2
1. a1:=1
1 2
2. apy1 == |ap+ —
2 Qp,
an converges for increasing n towards v2. <

Theorem 2.17 (Proof by mathematical induc-
tion). Let ng be a natural number and A(n) be
a statement for all n > ng. To prove A(n) for
all n > ng it is enough to show that

1. A(ng) is true

2. for any n > ng if A(n) is true then A(n+1)
is true, i.e. A(n) = A(n+1)

We call the first induction start and the second
induction step. <
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Example 2.22. We want to prove the Gaussian

sum:
zn: . n-(n+1)
i=——"
; 2
1. Induction start (Aj):
1
(1+1
>i= G
=1
1=1

2. Induction step (A, = Ap4+1): If

E:Z_AltiL

An
then
Sfr_m41xn+m
B 2
=1
An+1
Now the proof:
n+1
IR WERIS)
1
= (n;—) +(n+1)
_nn+1)+2(n+1)
B 2
_(n+1)(n+2)
B 2

Example 2.23. We want to prove:

n(n+1)(2n+1)
Z * = 5

1. Induction start (Aj):

S 1(1+1)(2-1+1)

14

then
n+1
. n+1H(n+2)(2n+3
PRI SF R CEAILES (L)
i=1
Proof
n+1 n
S E=Y R
i=1 i=1
_ n(n+1)(2n+1) bt 1)?
6

n(n+1)(2n + 1) + 6(n + 1)*
(n+D@@nfD+6m+1»
(n+1)(2n% + gn + 6)
(n+ 1)(nj62)(2n +3)

Theorem 2.18 (Bernoulli’s inequality). For
beR,b>—1and n € N we have:
(1+b6)">1+n-b <

Proof. 1. Induction start (Ap):

(1+b)'>14+1-b
1+b>1+b

2. Induction step (A, = Ap4+1): If
(1+b0)">1+n-b

then
(L4+0)"™ > 14+ (n+1)b

and we show

(14" = (1+b)"(1+b) > (14 nb)(1+b)
_ 2
=14+b+nb+nb>>1+(n+1)b

(n+1)b 20

Theorem 2.19 (Geometric sum). For ¢ € R,
q#landnENwehave

zq <
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Proof. 1. Induction start (A;):

1-1
r 1—q'
Zq 1—gq
k=0
1—¢q
¢ =1
—dq
1=1

2. Induction step (A, = Ap41): If

1—4q"
¢" ==
k=0 q
then
n
% 1— qn+1
q = 1—
k=0 q

and we show

n N n—lk 1_qn
— n __ n
T S
k=0 k=0
_1-¢"+¢"—q-¢" _1-¢""
B 1—¢q - 1—gq
O

2.4 Integers 7Z

Sums and products of natural numbers are
again natural numbers. In dealing with engi-
neering problems, one very frequently has to
solve equations. Unfortunately the equation

n+r=m

does not have a solution x € N for arbitrary
numbers m,n € N.

If we want to solve equations of the above
type without limitations, we are led to the sys-
tem of integers Z: For each n € N a new nega-
tive number —n is provided in our new number
system and in addition to that a further number
called 0 (zero) is introduced. This new number
system is called the set of integers denoted by
Z. Obviously N C Z.

If we denote the set of megative numbers by
N’ then we have the following situation:

e If a € Z \0 then either a € Nor a € N

e If @ € N then there is a/ € N such that
a+a =0
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Theorem 2.20 (Calculation rules for Z). For
a,b,c € Z we have:

1. Closure:

at+beZ
a-beZ

2. Associativity:

(a+b)+c=a+(b+c)
(a-b)-c=a-(b-c)

3. Commutativity:

at+b=b+a
a-b=b-a

4. Distributivity over +:

a-(b+c)=a-b+a-c

5. Neutral element for + and -:
a+0=a

a-1=a

6. Inverse element for 4+: There exists an in-
verse element a’ € Z such that

a+d =0

7. If a-b =0 then either a =0 or b = 0:

Remark: Unfortunately, equations of the form
m-x=mn

have no solution in Z for arbitrary m,n € Z
which leads us to the rational numbers Q in the
next section.

Example 2.24. There exists no x € Z that
satisfies the following equation:
2-2=3 <
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2.5 Problems

Problem 2.1: In the context of natural num-
bers explain the following terms:

1. divisor

2. trivial and non-trivial divisor
3. multiple

4. prime number

5. prime factor

Problem 2.2: Perform a prime factorization
on the following numbers:

1. 123

2. 321

3. 30030
4. 65536
5. 9000000

Problem 2.3: Simplify the following terms:

=1 =1
4 n
2. Hz 5. Hi—n'
=1 =1
- [, fi(x)
3. [ 6. sai=tl 7
i=1 Hi:2 fi(z)

with f(z) # 0 for all =

Problem 2.4: Evaluate the greatest common
divisor and least common multiple of the fol-
lowing pairs:

a b | ged(a,b) | lem(a,b)
6 8
30| 20
14| 15
39 | 117
123 | 123

Problem 2.5: If the greatest common divisor
and the least common multiple of two natural
numbers a and b are known, is it possible to
evaluate a and b?

16

Problem 2.6: Complete out the following ta-
ble:

dividend | divisor | quotient | remainder
100 16
62 7
156 26
123 124
124 123
1000 3
Problem 2.7: Perform the Euclidean algo-

rithm to the following pairs of natural numbers
to find the greatest common divisor:

1. 80 and 115
2. 768 and 540
3. 5471 and 1193

Problem 2.8: Change the base of the follow-
ing representations:

1. 10019 — binary

2. 10019 — octal

10019 — decimal
10019 — hexadecimal
1009 — decimal

100g — decimal

10019 — decimal

® N o oo W

10016 — decimal

Problem 2.9: Fill out the following table:

binary | octal | hexadecimal
110111
101001011100

17
6543

123
ABC

Problem 2.10:
duction:

1. Zn:z's _ ”2'(?Z+ 1)?
=1

Prove by mathematical in-

2. n? + 2n has the divisor 3

3. n!>2" forn >3

February 20, 2012



3 Rational and real numbers

3.1 Rational numbers QQ

Definition 3.1 (Rational numbers). We define
the set of rational numbers Q as the quotient of
any p € Z and g € N, i.e.

@:{5 pEZ,qEN}
<
Example 3.1.
lcq leco #-ico
5=13€Q 1€Q 0€Q
V2¢Q m¢Q e Q
<

Theorem 3.2 (Properties of rational num-
bers). For any a,b,c € Q and + and - as com-
monly used we have:

1. Closure:
a+beQ
a-beq@Q
2. Associativity:
(a+b)+c=a+(b+c)
(@a-b)-c=a-(b-c)
3. Commutativity:
at+b=b+a
a-b=>b-a
4. Neutral element for 4+ and -:
a+0=a
a-1=a
5. Inverse element: There exists the inverse
elements a’, b’ € Q such that

a+ad =0
b-b =1 for b # 0

where 0 and 1 denote the neutral elements
for + and -, respectively.
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6. Distributivity over +:
a-(b+c)=a-b+a-c

7. If a-b =0 then either a =0 or b =0 and
vice versa, i.e.

a-b=0 & a=0VvVb=0

<

Remark: We denote the inverse element for
addition with a minus sign.

a = —a
In short we write:
a+(-b) & a-—b

We denote the inverse element for multiplica-
tion with an exponent of —1 or with b in the
denominator of a fraction.

V=btl=_
b

Definition 3.3 (Field). We call a set with the
properties shown in theorem 3.2 a Field. <

Remark: For a set A with the two operators
+ and - we write:

(A7+7')

The symbols 4+ and - may also stand for other
operators as shown in the next example.

Example 3.2. Boolean field.
We define the set B = {0,1} with the two
operators

0
1

+ 1
0 0
1 1

o OO

0 1

0 1
Lo
(In terms of logic '+’ is the exclusive disjunction
and ’-" equals the conjunction.) The neutral el-
ements for '+’ and ’-’ are 0 and 1, respectively.

It can be shown that the set B forms a field
by proving all properties of theorem 3.2. This
may be done by truth tables as we did in an
earlier section. <
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Theorem 3.4 (Q is countable). The rational
numbers Q are countable. <

Proof. We arrange the elements of QQ in a table:

1 2 6
1 1 1
| /
1 /2 § 4 6
2/2/2/%/ ’
27,73 5 6
/3//,3//, 3 3
27 738 5 6
S 4, 4 4 4 4
7 7
‘////
17,72 3 4 5 6
5 /.5 5 5 5 5
e
1 2 3 4 ] 6
6 6 6 6 6 6

and we write:

Q={0,+1,+35,+£3,+1 £2,+3 .} O

Remark: We can write rational numbers on a
real line:

—1 —
|

[ ol
= O
— Do —
—_
— ol
[N}

w0
Wl
wl— —
Wl —
Ol —
wlot—

By this visualization each number has a unique
position on the line.

Definition 3.5 (Less or equal). For a,b € Q we
say a is less or equal b if a is not on the right of
b on the real line. In short we write

a<b
and also call it an order relation.

The relations >, < and > are defined in a
similar manner. <

b

a<b a=1»b

a>b
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Definition 3.6 (Totally ordered sets). Let A be
a set with the order relation < and the following
properties:

1. comparability: For all a,b € A

a<b or b<a

2. reflexivity: For all a € A

a<a

3. antisymmetry: For all a,b € A

a<bandb<a & a=0b

4. transitivity: For all a,b,c € A

a<b and b<c implies a<c
We call such a set a totally ordered set. <

Example 3.3. The set of rational numbers Q
is an ordered set. All properties of definition
3.6 hold. <

Example 3.4. The set of all surnames of an
address book with an order relation < to sort
the names is an ordered set. <

Example 3.5. Let A = R x R be the set of
all coordinates on a plane. We define the order
relation < on the distance to the origin, i.e. r =
Va4 2, (z,y) € A.

The order relation is not antisymmetric: E.g.
for ry = (1,1) and ro = (1, —1) we have 1 <79
and 79 <7 but (1,1) # (1,-1).

Hence, A is not an totally ordered set. <

Theorem 3.7 (Properties of totally ordered
fields). A totally ordered set A with arbitrary
elements a, b, c € A has the following properties:

ea<b or a=b or a>b (trichotomy)

e a>0ANb>0 = a-b>0
e a<b & a+c<b+c

e a<bANc>0 = c-a<c-b
e a<bANc<0O = c-a>c-b

e a<b <&

(—a) > (=b)

e a#0 < a?>0
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ea>0 < al>0

<

Theorem 3.8 (Q is dense). For every a,b € Q
with a < b there exists a ¢ € Q with a < ¢ < b.
Le. for any two unequal rational numbers there
exists an infinite number of rational numbers
between them. <

Proof. We start with two rational numbers
a1,b1 € Q where a1 < by. The term % is
greater than ap, less than b; and again is a ra-
tional number. We now either set ao = a; and
by = “1241’1 or as = Lgbl and by = b;. Again
the term ‘127‘2%2 is greater than as, less than by
and again is a rational number. This may be
repeated infinite times for any position on the
real line. O

Remark: Although the rational numbers Q are
dense there exist numbers like v/2 or 7 that can
not be expressed by rational numbers.

It is possible to approximate such numbers
with arbitrary small error larger than zero by in-
creasing numerator and denominator, however,
we will never be able to express these numbers
exactly.

It is possible to express these irrational num-
bers by an infinite sum of rational numbers. Le.
for m we may write

1 1 1 1
S (T
i ( 3757779 )

Hence, we are looking for an extended set of
numbers that include irrational numbers.

3.2 Real numbers R

Definition 3.9 (Irrational numbers). Let S be
the set of infinite sums of rational numbers. We
call the set of all elements s € S that are not
rational the set of irrational numbers. <

Example 3.6. Some irrational numbers:

e l+fi+ogtytata—- ¢

February 20, 2012

1 1 1 1 1 1

" 1 1 1 1 1 n?2
1 2 3 4 5 6 : 1
1 1 1 1 1 s
.1_§+§_7+§_ﬁ+' n

Definition 3.10 (Real numbers). We call the
set of all possible rational number sums, finite
or infinite, the set of real numbers R. <

Theorem 3.11 (Properties of R). The set of
real numbers R has the following properties:

e R is a field

e R is not countable

e R is totally ordered

e R is dense

<

Remark: These four properties are stated
without proof. However, in problem 3.4 and
3.4 you are asked to prove two of them.

3.3 Intervals and absolute values

Definition 3.12 (Finite intervals). For a,b € R
and a < b we define finite intervals:

e closed interval:

[a,b) ={r eR|a <z <b}

e open interval:

(a,b) ={z eR|a<z<b}

e left open interval:

(a,b) ={zxeR|a<z<b}

e right open interval:

[a,b) ={z €R|a<xz<b}
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Definition 3.13 (Infinite intervals). For a € R
we define infinite intervals:

)={reR|a<z< oo}
)={zeR|a<z< oo}
yal ={zeR| -0 <z <a}
ya)={x eR| —oc0 <z <a}

[a, oo
(a, 00
(
(

—00
—00

Example 3.7.
e R=(—00,00)={z€R| —00 <z <00}
e Ryg=(0,00)={z€eR|0<z< 0}
e Ryp=[0,00)={z €eR|0<z <00}

<
Definition 3.14 (Supremum and infimum).
Let A be an arbitrary subset of R.

e We call the least number of RU{co} greater
or equal to all elements of A the supremum
of A or the least upper bound of A denoted
by

sup(A)

e We call the greatest number of R U {—o0}
less or equal to all elements of A the infi-
mum of A or the greatest lower bound of A
denoted by

inf(A)

Example 3.8.
e sup({1,2,3}) =3
e inf({1,2,3}) =1
e sup(R) = o0
e inf(R5p) =0
e inf(R>p) =0

<

Definition 3.15 (Maximum and minimum).
Let A be an arbitrary subset of R

20

e If the supremum of A is an element of A
we call it the mazimum of A denoted by

max(A)
e If the infimum of A is an element of A we
call it the minimum of A denoted by

min(A)

Example 3.9.
o Let A=[—1,1] then
max(A) =1 and min(A4)= -1
o Let B={yeR|y=2%x¢€[-1,1]} then
max(B) =1 and min(B)=0

e Let C = (0,10) then max(C) and min(C)
are undefined!

<

Remark: The minimum and maximum exist
for closed intervals and for finite sets (i.e. sets
with a finite number of elements). If a maxi-
mum or minimum exists it equals the supremum
or infimum, respectively.

Definition 3.16 (Absolute value). For a € R
we define the absolute value of a by

la = a for a>0
]l —a for a<0

lal

a

Theorem 3.17 (Properties of absolute values).
For any a,b € R we have:

e |a|>0
e laj=0 <& a=0
e |a-b]=la]-b|
o |[a+b| <|a|+]b (triangle inequality)
<
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3.4 Problems

Problem 3.1: Let A = {a, b} be a set with the
two operators 4 and - as defined in the following
tables:

—l—‘ab -‘ab
ala b ala a
b|b a bla b

Is (A, +,-) a field? If not, why?

Problem 3.2: Is the set of integers Z with the
operators + and - for addition and multiplica-
tion as commonly used a field? If not, why?

Problem 3.3: Let A = {a,b,c} be a set with
the two operators + and - as defined in the fol-
lowing tables:

+la b c -‘abc
ala b c ala a a
b|b ¢ a a b ¢
c|lc a b cla ¢ b

Is (A, +,-) a field? If not, why?

Problem 3.4: Are the following sets with
the order relation < as commonly used totally
ordered? If not, why?

1. natural numbers N

2. integers Z

Problem 3.5: Is the set of real numbers R
with the operators + and - for addition and
multiplication as commonly used a field? If not,
why?

Problem 3.6: Is the set of real numbers R an
totally ordered field? If not, why?

Problem 3.7: Give the intervals of the follow-
ing sets:

1. Ay ={yeR|y=12%2c Ry}
2. Ao ={yeR|y=2%12¢€Rgy}
3. As={yeR|y=2""zecRx}
4. Ay ={yeR|y=-exp(x),z € R}
5. As ={y € R|y =sin(z),z € R}

Problem 3.8: Find the supremum and infi-
mum of the following sets.
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set sup inf

Ay ={1,2,3,4}

Ay ={-2,0,2,4}

Ag = {—100,200}

Ay =1{3,6,9,...}
As={..,-1,0,1,2,..}

Problem 3.9: For the sets in problem 3.4 find
the supremum, infimum, maximum and mini-
mum.

set sup inf max min
Aq
Ay
As
Ay
As

Problem 3.10: Give the extensional defini-
tion of the following sets:

1. Aiy={neZ|n=|kl,keZ}
2. Ao ={yeR|y= &,z Ry}

mv

3. As={ne€Z|n=|10k—1|,k € Z}

21



4 Complex numbers

4.1 Why complex numbers?

Let us recall the reasons to develop extended
number sets.

e We start with the natural numbers N.

e 1+ x = m has no solution in N for n > m
which leads us to the integers Z.

e n-xz = m has no solution in Z for m is not a
multiple of n which leads us to the rational
numbers Q.

e 22 — ¢ = 0 has no solution if ¢ is not a

square of a fraction (e.g. 2) which leads us
to the real numbers R.

Already the argument which leads to the real
numbers point at the next limit to overcome: If
¢ in equation z? — ¢ = 0 is negative, we get to
the point to take the square root of a negative
number which has no solution in R.

Hence, we are looking for a number system
that gives us a solution for equations like

2 +1=0

4.2 Definition of complex
numbers

Definition 4.1 (Imaginary unit). We define
the constant j ¢ R by

P=-1

and call it imaginary unit. A multiple of j is
called imaginary number. <

Remark: In mathematics the letter i is used
for the imaginary unit. However, in electrical
engineering the i is the symbol for the electrical
current and, hence, we use the j as a symbol for
the imaginary unit.

Example 4.1. We want to solve the equation

22 = —4 for z:

22 = —4

22

2=4- (—1)
=47
v = (+2) - ()
z=+2j

Towards the end of this chapter we will see that
care must be taken when dealing with roots on
complex numbers. However, the result +2j in
this example is correct. <

Theorem 4.2 (Powers of j). Although j is not
real, we may use it as a unit and perform math-
ematical operations as usual. Powers of j may
be combined:

=]

P=-1 (by definition)

P=0Yi=1 0=

==y =1

P=iti=i

=1

jl=l=L ==
n|.=2[-1]0|1] 2 |3 |4[5]...]
=== =]

Definition 4.3 (Complex number).  With
a,b € R we define complex numbers as a +j- b
ora-+jb,ie.

C={a+jblabeR,j*=-1}

We say two complex numbers are equal if their
components a and b are equal, i.e. for ¢ =

a1 +jb1 and co = ag + j by we have:
cp=c & a1=ax/ANby =by

<

Definition 4.4 (Complex number, alternative
definition). The Cartesian product C = R x R
together with the two operators

CxC—=C
+:¢ (a1,b1) + (az,b2) —
(a1 + az,b1 + ba)
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CxC—=C
(a1,b1) - (a2, b2) —
(a1ag — biba, a1bs + agby)

is called the set of complexr numbers. <

Remark: Both definitions are complete. One
may be concluded from the other. In the fol-
lowing we use the imaginary constant j to note
complex numbers and not the ordered pairs of
a Cartesian product.

Definition 4.5 (Real and imaginary part). For
any complex number ¢ = a + jb € C we define

Re(c) =Re(a+jb) =a
as the real part of ¢ and
Im(c) =Im(a+jb) =b

as the imaginary part of c. <

Example 4.2.

e Re(3—-j4) =

[ ]
=
— —~ —~
w
\
—
=
SN—
I
\
o

e Re(j) =0
e Im(j) =1
e Re(j?) = —1
e Im(5) =0

<

Remark: Note that the imaginary part of a
complex number is real, i.e. for any ¢ € C we
have:

Im(c) e R

As part of a complex number we multiply the
imaginary part with j which gives us an imagi-
nary number.

4.3 Properties of complex
numbers

Theorem 4.6 (Properties of complex num-
bers).

e Cis a field

e C is not totally ordered
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e C is not countable
e C is dense
<

Remark: A complex number z = a + jb can
be represented as a point (a,b) or an arrow to
this point on a complexr plane. The real and
imaginary parts are plotted on the abscissa and
ordinate, respectively.

Im(z),
bf----------- 5 :
I |
20 l
b |
@ Re(z)
Example 4.3.
Imy 450
21 °
—2+4] 3+]
. -
-3 -2 -1 1 2 3 Re
14
—-3—j2 2—j2
J 9] .J

Definition 4.7 (Absolute). The absolute of a
complex number z = a + jb € C is defined by

|z| = Va? + b?
<
Theorem 4.8 (Polar form). A complex num-
ber z = a+ jb € C can also be expressed by
polar coordinates |z| and ¢ where is the angle

from the positive real axis counter-clockwise to
the arrow on the complex plane. We have:

a=|z|-cosp

b=|z| sinyp

|z] = Va? + b?
Y =argz

where arg z is defined as follows. <
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Definition 4.9 (Argument). With z = a + jb,
a,b € R the function arg(z) maps a complex
number to the interval (—m, 7] defined with:

b

(arctan, — 7 fora <0and b<0

-5 fora=0and b <0
arg(z) = arctan% for a > 0
897 = for a=0and b> 0

arctang—i—ﬂ fora<0Oand b>0
undefined fora=0and b=0

<

b=1Im(z),

©
I
SE]

b

— b
p =arctan ; + 7 o = arctan

a = Re(z)

— b_
p =arctan ; —

AS)
Il
|
wola

Remark: Now a complex number can be writ-
ten with their polar coordinates.

z=a+jb=|z| (cosp+jsinyp)
Later we will learn Euler’s formula:
exp(jz) = €% = cosz +j sinx
which further simplifies our complex number to

z:a+jb:]z|ej‘p

Remark: By definition 4.9 the polar angle is
an element of (—m,7|. Other definitions limit
the angle to [0,27). Due to the periodicity of

24

the exponential function for imaginary values
we have:

5= |Z| . ej arg(z) _ ’Z| _ej(27r+arg(z))

or more general:

2= |z|- dC™FABR) for any n e Z

Example 4.4.
o 21 =4+j4 =142 /4
e =1\3-j=2.¢7"/6
o z3=—1-j=2.e B =_\2.

<

4.4 Basic operations

Theorem 4.10 (Basic arithmetic operations).
With z; = a1 +jby € Cand z0 = a9+ jby € C
we have for the basic arithmetic operations:

z1+22:a1+a2+j(b1+b2)
21—z = a1 — az +j(by — b2)

21+ 29 = a1a9 — b1by +j(a1b2 + a2b1)
and for zg # 0 :

z1_aitjbi ag—jbe

z o az+jby az—jb

_arag +biby | agby — arby
as? + by as? + by
<
Im(z) , 22
- /
/
x 3 ?\):\,//
(\9'\« '11\’ /l
/
22 '
Re(z)
Im(z),
\\'<c>
<5 AN
I\ 2y N
& R
72
Re(z)

February 20, 2012



Example 4.5. For 2y =1+ j and 29 =2 — 2j
we have

® 21 +29=3—]
® 21 —29=—1+43j
® z1-29=4

Al 1.

e — = —]

Z9 2
<

Remark: The multiplication and division of
complex numbers are difficult to illustrate on
the complex plane. They are better under-
stood in polar coordinates where the abso-
lutes are multiplied/divided and the angles are
added/subtracted, respectively.

21 -2 = |2 |22|6j (p14p2)

A _ @ej (p1—=p2)

Z9 - |22‘

Theorem 4.11 (Properties of absolute). With
z, 21,22 € C we have

e 2| >0
o |21 22| = |21] - |22

o |21 + 29| < |z1| + |22] (triangle inequality)

|21]

Example 4.6. For z; =1+ j and 29 = 2 — 2j
we have

o |z1|=v2>0 and |z|=v8>0
o [z1-2) =4=Vv2-V8=z| |2
o |21 4 22| = V10 < V2 4+ VB = |21| + | 2]
<
Definition 4.12 (Conjugation). The conjugate
of a complex number z = a + jb € C is defined

by Z=a—jb. A pair z and Z is called complex
conjugates. <
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Im(z)
b= :
.
. >
> : Re(z)
N SO ‘

Theorem 4.13 (Calculating with conjugates).
With z € C we have

IS

[ ] =z

2

° =1z]°, ie z-Z>0andz-zZ€eR

N
]

o 2 +7Z=2-Re(z)

o z— %z =2j-Im(2)

<
Example 4.7. For z = 2 — 3j we have:
e Z=2-3]
e 2.-z2=13
e z+2z=
e z—2z=—6j
<

Theorem 4.14 (Powers of complex numbers).
With z = |z| /¥ € C and n € Z we have

2" = |z|"(cos ng + j sinngp) = |z|"e"¥

Example 4.8. For z; =1+ j and 25 = 2 — 2j
we have

2% = 2j 2% = —8j
213 = =242 295 = —16 — 16
znt=—-4 2t = —64
1 1
-2 et -2 _ I
21 = 2J zZ2 8.]
<
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Definition 4.15 (n'"-root of complex num-
bers). z € C is called the n''-root of y € C
if
M=y
<

Remark: Care must be taken when working
with roots in the context of complex numbers,

e.g.
L= VI= V(1) (-1) £ VTVT =i = -

The next theorem deals more general with roots
for complex numbers.

—_

Theorem 4.16 (Number of roots). For z € C,
y=|yle¥ e C4p and n € N the equation

"=y
has exactly n solutions for z which are:
2k = /|yl exp(j g"Jr%k) for k=0,1,...,n—1
<
Example 4.9. n' root of 1. From real num-
bers we know already that the square root (n =

2) has two solutions. With complex numbers
we may write:

1= (1+40§)%= (%)
: ey 2
= (=14+0j)? = (™)
In exponential form we have the two angles
{0,7}: Hence, the equation z = +/1 has the

two solutions {1, —1}.
For cubic roots (n = 3) we have three solu-

tions:
1= (b)) = ()
) _ion3
1=(1+0j)°= (")
. 3
= () - (o)
IIHL
V3
3T 3 \./ L---__
Il \\ 1—"_0
: W
| 1 Re
1 _vE ST
2~ 2
26

For arbitrary n € N the roots are evenly dis-
tributed on the unit cycle on the complex plane.
Le. for z = /1 we have

2 = 2™ for k=0,1,...,n—1
<
Example 4.10. The equation
23 =8
has the solutions
20=2
2 = 26%7/3
zg = 2e7127/3
<

4.5 Problems

Problem 4.1:
ing expressions:

For n € Z simplify the follow-

1. j?

2.3

Problem 4.2: Solve the following equations:

1. Re(1—3j)
2. Tm(3 + 2j)
3. Re(—a + b))
4. Tm(j?)

Problem 4.3: Check if the set of complex
numbers as in definition 4.4 is a field.

Problem 4.4: Plot the following complex
numbers in the complex plane:

1. 21 =1+ 2j
2. 29 =2—]

3. 23 = —3+2j
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4. zy = —2 — 2]

Problem 4.5: With z = a +jb = |z| - ¥
complete the following table:
a b 2] @
2 2
-3 3
2 /2
4 —m/4
Problem 4.6: Plot the following complex

numbers in the complex plane:

1. 21 =2 e/4

2. 29 =1/8 e i3m/4

3. z3=2 e im/2

4. z4 =™
Problem 4.7: For z; =2+ 3j and 20 =3 —2j
solve the following expressions:

1. 214+ 29

2. 29— 21

3. 21 29

4. z1/z

5. z1°

6. (22/21)?
Problem 4.8: For z; = 2674 and 29 = &i™/3
solve the following expressions:

1. z1- 29

2. 22

3. 292

4. 72293
5. Re(22?)
6. Tm(z12)

7. 22/21

February 20, 2012

Problem 4.9: For z; =2+ 3j and 29 = 3 —2j
solve the following expressions:

1. z1+721
2. Z9g — 29
3. 21— 72

4. 21-Z1+ 2922
9. 2121 — ‘Zl| . |22|

Problem 4.10: Solve the following equations
for z € C:

1. 2=v1

2. z=+—1
3. 2= +v25
4. 2= =324
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5 Sequences

5.1 Introduction

Example 5.1. In electronics we deal with re-
sistors and voltage supplies. Lets assume a
terminating resistor R; and a variable num-
ber of voltage supplies with equal voltage Uy =
U = ... = U and equal internal resistance
R;1 = Rjs = ... = R,;. The voltage supplies are
connected in a chain, i.e. the voltage and inter-
nal resistance increases with increasing number
of voltage supplies.

RTC

D
i
v| (D

What is the total current I through the termi-
nating resistor R;? For one voltage supply we
get by Ohm’s law:

U
LH=——
R;r+ Rr
For two voltage supplies we get:
I U+U B 2-U
" Ri+R/+Rr 2 R/+Rr

For an arbitrary number n of voltage supplies
we get:
n-U _ U

I, = —
" n-Ri+Rr Ry + 1z

To find the maximum possible electrical current
we increase the number of voltage supplies to-
wards infinity:

Tnax = lim L E
m—00 R _|_ Ry

28

Hence, for every number of voltage supplies we
found an associated total current and a limiting
value for an infinite number of voltage supplies.

Let’s assume the voltage supplies have a volt-
age of 1V with an internal resistor of 1 2. With
a terminating resistor of 32 we get for I in am-
pere:

L=1 L= Iy = Iy =

(S]]
[N [9V]
e

Noted as a sequence we write in short:

5.2 Definition of sequences

Definition 5.1 (Sequence). A sequence maps
N to R or C. We write (xy,)nen or just (x,)
where every n € N is mapped to a real or com-
plex number z,,. <

Example 5.2. Some sequences:

e The sequence (a,) with a, = 2 is a se-
quence of real numbers:

al = Ty

(an) =

S

2 asz = 3y, 4 =

)

'-‘»—A
Bl

N[
K=

°°\>—‘ I
u;\H-
N—

—~

I\D‘H

L
m

e The sequence (by,) with b, = 2 is an exam-
ple of a constant sequence:

(bn) = (2,2,2,2,2,...)

e The sequence (¢,,) with ¢, = j" is complex
and periodic:

(Cn) = (Ja _17 _.j7 17.j7 _17 _ja 1a .. )
<

Definition 5.2 (Bounded sequence). A se-
quence (ay) is said to be bounded if there exists
a limit M € R such that

lan| < M foralln e N
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Example 5.3.

e (ay) with a,, = ﬁ is bounded

e (b,) with b, = n? is not bounded

e (cp) with ¢, = (=1)" is bounded

(
(
(
* (

dy)
|<1

|z

with d, " x € C is bounded for

Definition 5.3 (Monotonicity). Let (ay,
sequence of real numbers. (a,) is called

increasing if  ap41 > an
decreasing if  api1 < ay
strictly increasing if  apy1 > an
strictly decreasing if  apy1 < ap

) be a

for all n € N. If a sequence is (strictly) increas-
ing or (strictly) decreasing we call it (strictly)
monotone. <

Example 5.4.
e (ap) with a,, = 1 is strictly decreasing
o (b,) with b, = n? is strictly increasing
(
(

e (cy) with ¢, = (—1)" is not monotone

dy,) with d,, = 2™ is monotone for z € R>g
and strictly monotone for x € Ry \ {1}

<

5.3 Convergence and divergence

Definition 5.4 (Epsilon-neighbourhood). Let
K be R or C. For a number z € K and € € R+
we say

Ue(z) ={y e K| Jy — 2| < ¢}
is the epsilon-neighbourhood of x. <

Remark: For real numbers the epsilon-neigh-
bourhood equals the open interval between x—e
and x + ¢:

Us(x)=(xr—€,x+e€) forxeR
—€ z Tr+e
| | |

Ue(x)
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For complex numbers the epsilon-neighbour-
hood equals a circular disk on the complex
plane with diameter 2¢. All numbers inside this
disk (excluding the edge) belong to the epsilon-
neighbourhood of z.

Im ,

Definition 5.5 (Convergence). Let K be R or
C. A sequence (a,) with a, € K is said to
be convergent with limiting value « if for any
€ € Ry there exist an N € N such that all
a, with n > N are elements of the epsilon-
neighbourhood U, (a). In short:

Ve € Ry INENVR>N:la, —al <e

Example 5.5.

e The sequence (a,) with a,, = % is conver-
gent.

an ,
1 1 °

N[

280!!!7??7‘
{123 5 6 7 "

[N

e—l/n

e The sequence (b,) with b, = is con-

vergent.

anp, ,
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e The sequence (c,) with
Cn = 6—n/20+j n/4

= e "/?cos(?) +j sin(2)]

is convergent.

Im(cy)

<

Remark: A sequence is said to be a zero se-
quence if its elements converge towards zero.
E.g. in the previous example (a,) and (¢,) are
Zero sequences.

Definition 5.6 (Divergence). Non-convergent

sequences are called divergent sequences. <
Example 5.6.

e (a,) with a, = n is not convergent, i.e.
divergent.

e (b,) with b, = j" is divergent.

o (cp) with ¢, = 2™, x € R is convergent for
x € (—1,1] and divergent otherwise.

e (d,) with d,, = 2", z € C is convergent for
|z| <1 A z=1 and divergent otherwise.

<

Theorem 5.7 (Convergent sequences bound-
ed). Convergent sequences are bounded. <

Remark: This theorem states an implication:
If a sequence is convergent then it is bounded
too.

The reverse is not valid: A bounded sequence
may or may not be convergent.

Example: The sequence (a,) with a, =
(—=1)™ is bounded but not convergent.

30

G,
1A [ ] L] L] L] L]

2 4 6 8 10"
—1 A ° ° ° ° °

Theorem 5.8 (Monotone bounded sequences).
Monotone bounded sequences are convergent.
<

5.4 Limit of sequences

Definition 5.9 (Limit of a sequence). For a
convergent sequence (a,) where the elements a,
converge towards a we write:

lim a, = a
n—oo
<
Remark: Other (abbreviated) notations are:
lima, = a
a, — a
n—oo
an — a
Example 5.7.
e for (a,) with a, = 1 we have
. 1
lim a, = lim — =0
n— 00 n—oo N
e for (b,) with b, = ;25 we have
1
lim b, = lim —— = lim —— =1
n—00 n—oon + 1 n—)ool_|_ﬁ
e for (c,) with ¢, = L we have
1 1+ 4
lim ¢, = lim n = lim n=1
n—00 n—oo n n—oo 1

e for (d,,) with d,, = %T;, z € R we have

l,n
lim d, = lim — =0
n—o0 n—oo N
since for n > |z| the denominator increases
faster than the numerator, i.e.

|dpt1| < |dn| for n> |z
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e for (e,) with e, = ¢!/™ we have

lim e, = lim /" =¢® =1
n—oo n—oo

<

Remark: Obviously, for a zero sequence (ay,)
we have:

lim a, =0

n—oo
Hence, (a,) and (d,,) in the previous example
are zero sequences.

Definition 5.10 (Definite divergence). A se-
quence (a,) with a, € R is divergent towards
+o0 if for any K € R there exist an N € N such
that for all a,, with n > N we have a,, > K. In
short:

VK eRIAINeNVR>N:a, > K
A sequence (a,) with a, € R is divergent to-
wards —oo if for any K € R there exist an
N € N such that for all a,, with n > N we

have a, < K. In short:

VKeRIANeNVVR>N:a, < K

Example 5.8.
e For (a,) with a,, = n we have

lim a, = lim n = co
n—oo n—oo

[\)
W
mA
co
—_
)
S

e For (b,) with b, = exp (%) we have

lim b, = lim exp (g) =00

n—oo n—oo
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e For (¢,) with b, = In(1/n) we have

. _ . 1 _
Jm e = fim n (5) = —oc
an ,
0 T T T T >
2 4 6 8 10"
—1 4 R
L T

Theorem 5.11 (Calculating with convergent

sequences). Let (a,,) and (b,) be convergent se-

quences. We have for the sequence of sums

(an + by) and the sequence of products (ay, - by,):
a3y (O o+ bn) = g, (an) + [0y, ()

gl (o be) = g, (an) - 05, ()
If b, # 0 for alln € N and lim,,_, (by,) # 0 then
we have for the sequence of quotients (Z—Z):

oo \ by ) lim (by)
n—o0

<

Example 5.9. Let (a,) be a sequence with
an = 221 and (b,) be a sequence with b, =
cos(1). Then we have:

2n — 1 2-1

e lim a, = lim = lim n =2
n—00 n—00 n n—oo 1

31



n—00 n—00 n

e lim b, = lim cos <1> =1

e lim (a,+b,) = lim a, + lim b, =3
n—oo n—oo n—o0

e lim (a, —b,) = lim a, — lim b, =1

n—oo n—oo n—oo
e lim (a,-b,) = lim a,- lim b, =2
n—oo n—0o0 n—0o0
lim a,
. (27 n—00
o lim [ — | == =2
n—o00 bn lim bn
n—oo

5.5 Problems

Problem 5.1: Evaluate the first five elements
of the following sequences:

e (a,) with a,, = 3n

o (by) with b, = 2t

n’+n
2

(cn) with ¢, =

(dy) with d, =37 k

(en) with e, = j*"

(fn) with fn :jil

Problem 5.2: Which of the series in problem
5.5 are bounded?

Problem 5.3: Fill the following table with /
for the appropriate properties of the sequences
in problem 5.5.

B0 B0 <l 0 | g o
2|8 58 5|2k
2| 2|85 58|85
= 2= b‘ j;"a g j;ﬁ
= 2 & n o g 7 g
sequence | "~ - ~ =
(an)
(bn)
(cn)
(dn)
(en)
(fn)
32

Problem 5.4: Describe the the following ex-
pression for € = % for real numbers:

Us(2)

Problem 5.5: Describe the the following ex-
pression for € = % for complex numbers:

Ue(j)

Problem 5.6:
own words.

Describe convergence in your

Problem 5.7: Which of the sequences in prob-
lem 5.5 are convergent, which of them are diver-
gent?

Problem 5.8: Find the limit of the following
sequences:

e (ap) with a, = #—l—l

e (b,) with b, = 2t

(cn) with ¢, = L+

e (d,) with d,, = %5-

(en,) with e, = tan (477;?1)

Problem 5.9: For the sequences in the pre-
vious problem find the limits of the following
expressions:
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6 Series

6.1 Introduction

Example 6.1. Achilles and the tortoise.

For some reasons Achilles, the famous runner
of the Greek mythology, has a race with a tor-
toise. Obviously the tortoise has not the slight-
est chance and, hence, is given a head start of
100m. Let us assume that Achilles runs (only)
twice as fast as the tortoise and both run with
a constant speed.

Some time after the start Achilles reaches the
100m point where the tortoise started. How-
ever, the tortoise is not there but ran already
50m and is at 150m. So, Achilles runs another
50m, but again does not reach the tortoise who
ran another 25m. Will Achilles ever reach the
tortoise? And if yes, where will it be?

Of course, we could set up an equation and
solve it for the point where the two runners
meet. However, let us look at it as a sequence
of distance steps of Achilles in meter: ag = 100,
a1 = 50, ag = 25, ag = 12.5 etc. So, we define
a sequence by

(an) = (100,50,25,12%,61,...)

where

an:100(;> forn=20,1,2,...
The following sketch shows the first three dis-

tance steps of Achilles:

A T
start :
ag |
= gl
A T
step 1 ‘
ai
—
A T
step 2 ‘
a2
-~
AT
step 3 L

We also may look at it on a diagram where we
plot the distance of Achilles and the tortoise on
the abscissa and the time on the ordinate:
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tortoise

Achilles

—— 4

ao al az as ...

To find the point where Achilles and the tortoise
meet we sum up the distance steps which gives
us a sequence of partial sums. With

n n 1 k
Sn = kzz()ak = 100;0 (2)
we have

(sn) = (100,150, 175,1871,1933,..)

Sn
200 f-------------g---- P
150 - .
100 -+

50 1

Oxxxxx‘
o 1 2 3 4 5 "

From example 2.25 we know

n—1 1 q
k —
q _=
=

1—gq

n

hence with ¢ = % we get for the partial sums:

1— ( n+1
s = 1002 = 200 (1-@")
T2

D=

To get the point, where Achilles and the tortoise
meet we have to find s,, for an infinite n

lim s, = lim 200 | 1

n—00 n—oo

— (5™ ] =200
—0

At last, they will meet at the 200m point! <
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6.2 Definition of series

Definition 6.1 (Partial sum). Let (a,) be a
sequence. The n'® partial sum s, is defined by:

n
snzzak:ao+a1+a2+...+an
k=0

<

Remark: If we combine all partial sums to a
sequence (s,) we call it the sequence of partial
SumS.

In the previous chapter we defined that a se-
quence maps N to R or C, i.e. the elements of
a sequence (a,) with the subscripts 1,2,3,....
In this chapter we untighten this definition and
allow the sequence to start at other values than
one, e.g. at zero or two.

Example 6.2.

e For the Gaussian sum we have the sequence
of natural numbers

(an) = (1,2,3,4,5,6,7,...)

and the partial sums

n n
n(n+1)
=Y =3 k= "D
k=1 k=1
which gives us the sequence of partial sums:

(sn) = (1,3,6,10,15,21,28,...)

e For the square numbers we have the se-
quence of odd numbers

(an) = (1,3,5,7,9,11,...)

and the partial sums

n
sn:ZZk—lznz
k=1

which gives us the sequence of partial sums,
i.e. in this case the sequence of square num-
bers:

(sn) = (1,4,9,16,25,36,49,...)

e For the sequence

111 1 1

(an) = (2’4’8’ 167@"")

34

we get the partial sums

n

1 1 2" —1
=) =l ="
k=1

which gives us the sequence of partial sums:

(sn) = (3,35 18 330+ )

<

Definition 6.2 (Series). Let (a,) be a se-
quence. We call

0o
Zak:a0+a1+a2+a3+...
k=0

an (infinite) series. <

Remark: We call a,, is the n'" series element.
If a sequence (a,) starts with an index greater
than zero the first few series elements may be
treated as zero.

Example 6.3.

e Harmonic series:

i1—1+1+1+1+
—k 203 40T

e Leibniz series:

= (—1)k 1 1 1
Do =l- oot

k:02k+1 3 5 7
Sn .
1 -
° . . s
i R i- 7
1]
2
O T T T T
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e FEuler’s number:

1 1 1 1
7—1+1+ ittt
k! 3!
k=0
=2.71828...
Sn
3A
777777777 - -0 —— —-e¢-—-¢- €
24 .
1 -
0 — x

6.3 Convergence of series

Definition 6.3 (Convergence and divergence).
Let (ay) be a sequence and (s,,) the correspond-
ing sequence of partial sums, i.e. s, = > ak.
If the sequence (s;,) is convergent we say the se-
ries Y - ay, is convergent and the limit is given
by:

oo
Zak = lim s,
n—oo
k=0
Series that are not convergent are called diver-
gent. <
Example 6.4.

e The series > ;o ar with a; = % is conver-
gent with Euler’s number as limiting value:

iak:i;:e:Z?lS%...

k=0 k=0

e The harmonic series 3 po by with by = 7
is divergent:

Soh=3 1=
k=1 k=1

This becomes clear when looking at the
partial sums son, n = 0,1,2,..., i.e. s1,
S2, S4, Sg, S16 etc. The difference between
these partial sums is > %
1+ 3 +3+3+s+g+s+3+.
N \—f—/

2 >

1
=32

D=

1
=2
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Hence we have

sgn > 1+ 3 forn=1,2,3,...
Since the right term has a limit of oo the
harmonic series diverges towards oo too.
. 00 . i (_1)](3 .
e The series ) ;7 | c; with ¢ = *—* is con-
vergent:

8
8

k=1 k=1

<

Theorem 6.4 (Calculating with series). Let
Y oregar and Y_p2 by be convergent series and
c € Ror ¢ € C. Then the series Y - (ax + by)
and Y77 cay are convergent too and we have:

Z(ak+bk) = Zak —l—Zbk
k=0 k=0 k=0

o o0
>ca=cYa
k=0 k=0

<

Example 6.5. With the two sequences (ay),
an = 5= and (by), by, = (—1)"5k both for n =
0,1,2,... and ¢ = 3 +j we have:

o

o Zak =2
k=0
o

> bp=3
k=0

k=0

k:O
oo oo
° ZC% :cZak =6-+2
k=0
o0
>

00
Cbk:CZkaQ—i—%j

[ ]
k=0 k=0
<
Example 6.6. Let (a,) be a sequence with
1
an = on+l 4 onj
35



What is the limiting value for the sum of all
elements of (a,)?

oo oo 1
2 =D T ot

271
.9k k3
£ 2 2F 4 2]

o0

P”18

1 1 1
—~ (2+j)-2F _2+J‘Z_:27

| 2 2-j 4-79
5 _ j_4-2

24 T 2+ 2—j 4+1
— 4 _ 2;
=5 5
<
6.4 Geometric series
Theorem 6.5 (Geometric sum). We call
n
Z:}:k: l+z+a?+2°8+.. . 42"
k=0
geometric sum. For any x € C,; we have:
1 —_ " n+1
Z =
<

Remark: The term geometric sum comes from
the fact that each summand is the geometric
mean of the two neighbour summands:

a = /0k—10k41

i.e.
ap = Vak—1ghtl = \/p2k — 2k
Example 6.7.
! 1-3%  —6560
i _ _
= = = 2
« ) =g =0 =3280
k=0
4 4 Kk 1\°
1 1 L - (5) 15
Y2 (3) -
k=0 2
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Example 6.8. In computer science unsigned
binary integers consist of a number of binary
digits each with the two possible values zero and
one. The rightmost digit (bit 0) is weighted
with a factor 1 (i.e. 2°), the second digit from
the right (bit 1) has the factor 2 (i.e. 2!), the
third (bit 2) the factor 4 (i.e. 22) and so on.

What is the greatest number to be stored in
unsigned integers with n bits? We notice that
we deal with the geometric sum and that the
leftmost bit has the number n — 1.

sz 1—2"

Some typical examples:

=2"-1

e 1 byte = 8 bit: 255
e 2 byte = 16 bit: 65535

e 4 byte = 32 bit: 4294967 295

Theorem 6.6 (Geometric series). The geomet-
TiC series

o0
Zazk:1+x+x2+x3+...
k=0

with x € C is convergent for |z| < 1 and we

have:
oo
>t =
1—=x
k=0
<
|.%'k’1
x| =2
2A _
/’/
Y-
//'//
_ -
1 «53177&——&******”'77°’x‘ =1
. _
.
el =1
0 E— !

01 2 3 4 5 6 7 k

Example 6.9. We come back to example 6.1 in
the introduction of this chapter. The we found
the sequence (ay,) with a,, = 100 (3)" for n =
0,1,2,.... To find the meeting point of Achilles
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and the tortoise we take the infinite geometric
sum:

0 0 n

1 100
g ag 00 g < 2> 1 00
k=0 k=0

_1
2

<

Example 6.10. What is 0.999999...7 Each

digit behind the dot has a weighting factor of

L of its left neighbour. Hence, we may write:

10
[e%e) 9 e} 9 [e’e] 1 k
=) ———-9=9 —] -9
DR P > (45)
k=1 k=0 k=0
1
=9—— —9=1
-1

<

Remark: The fact that the geometric series is
convergent for |x| < 1 serves as a tool to prove
convergence of arbitrary series, see theorem 6.11
and 6.12. There we use two properties of the
convergent geometric series:

Van| = /" = Ja] <1

xn+1

xn

an+1
Qan

=lz| <1

6.5 Convergence criteria

Theorem 6.7 (Convergent series). If a series
Y repar is convergent, then the sequence (ay,)
is a zero sequence. <

Remark: This is an implication and, hence, is
not valid in the other direction. However, due
to this theorem a necessary but not sufficient
constraint for convergence of a series is that the
corresponding sequence (a, ) is a zero sequence.

Example 6.11.

e For all examples with convergent series
> reo @k in this chapter the sequences (ay,)
are zero sequences.

e The harmonic series Zzozl ap with ap = %
is divergent, however, the sequence (a,,) is
a zero sequence.
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Definition 6.8 (Absolute convergence). Let
> reoar be a series. If the series > ;2 |ag] is
convergent, then we call Y77, aj absolute con-
vergent. <

Theorem 6.9 (Absolute convergent series are
convergent). Every absolute convergent series is
convergent. <

Remark: If we find that a series is convergent
for the absolute of its elements it is convergent
for any signs of the elements. However, if a
series is absolute divergent it may or may not
be convergent.

Example 6.12.

e The series 2, ar with a; = :l:ki2 is ab-
solute convergent and, hence, is convergent
for any signs of ay.

e The series Y 7 a; with a;, = % is ab-

solute divergent (harmonic series) but still

convergent with the limit In 2.

Theorem 6.10 (Comparison test). If the series
> peo b is absolute convergent, then the series
> re o ak is absolute convergent too if for almost
all summands we have |ag| < |bg|.

Let > 72, br be an absolute divergent series.
The series )~ ay is absolute divergent too if
for almost all summands we have |ax| > |bx|.
(Although being absolute divergent it still may
be convergent for appropriate signs of the sum-
mands.) <

Example 6.13. Is the series Y .- a; with
ap = ﬁ convergent? We look for convergent
series that serves as a limit for the comparison
test.
The geometric series ZZ‘LO b, with b, = zik is
convergent and we have:
lak| < |bk] for all k € N

Hence, the series ZZO:O ap in convergent.

37



a, by,

b = 5%
14 / 2
0.5 :/ a = zrig
\\\‘
0.2 1 OO
\\\‘
0.1 ‘\
0.05 - b
\‘\
0.02 - ‘N
‘\
0.01 - AN
)
01 2 3 4 5 6 k

Example 6.14. Is the series > ;- ,a; with
ag = ﬁ convergent? We look for convergent
series that serves as a limit for the comparison
test.
The harmonic series Yy by with by = % is
divergent and we have:
|ak| Z‘bk| forall k e Nk > 2

Hence, the series > ;7 ay, is absolute divergent.

g, by
1+ a 1
‘ k=T
\\/
\
\
\ 1
%«\\\q\\ bk_
& e
Te _Te _
M e
1

Theorem 6.11 (Root test). Let Y, _,ax be a
series. If there exists an N € N such that for all
n > N we have

Vian| <1

the series is absolute convergent. If there exists
an N € N such that for all n > N we have

Vian| > 1
the series is divergent. L.e. for
g= lim V/|ay,]
n—oo

if ¢ < 1 the series is absolute convergent, if ¢ > 1
the series is divergent and if ¢ = 1 the root test
does not give evidence on convergence. <

38

Remark: The root test has been developed
by Augustin-Louis Cauchy and, hence, is some-
times called Cauchy root test or Cauchy’s radi-
cal test.

Example 6.15. Is the series Y, ap with

Vi

ap = Tk

convergent? We apply the root test:

vn
omn
- Vi (7 = o, Ve 0
= lim X/n-3=3

N> 00 =’
—1

g= lim {/]a,| = nli_)m \

n—o0 oo

Hence, the series is convergent.

\k/ ]akh

3

4

Sl

=

<

Theorem 6.12 (Ratio test). Let >}, ax be a
series. If there exists an N € N such that for all
n > N we have

an+41
an,

the series is absolute convergent. If there exists
an N € N such that for all n > N we have

An+1
Qnp

the series is divergent. l.e. for

Gn+41
an

q = lim
n—oo

if ¢ < 1 the series is absolute convergent, if ¢ > 1
the series is divergent and if ¢ = 1 the ratio test
does not give evidence on convergence. <
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Example 6.16. Does the series ) -, a with
ap = z°", z € C converge? We apply the ratio
test:

. An+41 . 22n+2
g = lim = lim |——
n—00 | Ay, n—oo | z<M
= lim |2?| =% =22
n—oo

The series is convergent for |z| < 1 and diver-
gent for |z| > 1. For |z| = 1 the ratio test does
not give evidence on convergence. <

Theorem 6.13 (Alternating series test). Let
(an) be a zero sequence with positive elements.
Then the series

oo

> (-

k=0

is convergent. <

Remark: The alternating series test has been
discovered by Gottfried Leibniz and, hence, is
sometimes called Leibniz test or Leibniz crite-
T10M.

Example 6.17. The harmonic series

= 11
Z =1+ SR
3 4
k=1
is divergent. However, since the series elements
form a zero sequence, a series with the same
elements but alternating signs is convergent:

= (—1)Ht ) 1+1 1+ o
=l-=-+-=-—-4+...=1n
2 3 4

k=1

6.6 Problems

Problem 6.1: Solve the following expressions:

S
I
e
- |l Mcn
[
=
o>
I
e
S M.m
—_
| =

o
I
=9
I

(2k —1)
=1

£
L
N‘
|
w
£

Problem 6.2: Evaluate for the following se-
quences the first 7 elements (n = 0,1,...,6) of
the sequence of partial sums (s;,):

February 20, 2012

1. (ayn) with a, =1 for n =0,1,2,

2. (by) with b, =2n —1forn =1,2,3,...

3. (cn) withcnzw%fornzo,lﬂ,...

(
(
(
4. (dp) with d, =n? forn =10,1,2,...

Problem 6.3: Plot the first 7 elements of the
following series in a diagram:

k=0 k=1
3 )% DB
k=1 k=0

Problem 6.4: With the two known series
=1 = (—1)k
kz i =e Z A =In2

= k=0

find the limit of the following expressions:
—1 o (—1)
k! Z 3k+3

!
2j
0<+ )deJrl

Problem 6.5: Solve the following terms:

p"qg
I

i
)

p'qg

>
Il

11 11
a= Z ok b= Z 9k
k=0 k=0
5 9
c= Z 4k d= Z 1k
k=0 k=0
o0 oo
NS S
k=0 k=0

Problem 6.6: Check the following series for
convergence by comparison test:

=1
1'Zkf

22
k=0 k=0
> 1 > k
3. S
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Problem 6.7: Check the following series for
convergence by root test:

1 Zﬁ 2> =
k=0 k=0
= (k2 + 3k — k
sy (P sk
k=0 k=0

Problem 6.8: Check the following series for
convergence by ratio test:

LY 2> i
k=0 k=0

3. ike*k 4. ikzg ek
k=0 k=0

Problem 6.9: Find out which statements are
true:

1. If a sequence (a,) is a zero sequence, then
the series > ;2 ay, is convergent.

2. If a series is absolute convergent, then it is
convergent.

3. If a sequence of partial sums is convergent,
then the corresponding series is convergent.

4. If a series Y p°  an is convergent, then the
sequence (a,) is a zero sequence.

5. If a series is convergent, then it is absolute
convergent.

6. If a series is convergent, then its sequence
of partial sums is convergent.

40
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7 Power-series

7.1 Definition of power series
Definition 7.1 (Power series). Let (a,) be a

sequence, zg € C fixed and z € C. We define a
power series with

o0
E akzk
k=0

or
o
k
Z ax(z — zp)
k=0
and call zy expansion point. <

Remark: The expansion point zg € C acts like
an offset for z. It is sufficient to study power
series without this offset knowing that we can
apply the gained knowledge to the more general
power series by shifting its domain.

Hence, from now on we concentrate on power
series with expansion point 0.

Example 7.1. Some power series (the first is a
274 order polynomial):

o fi(2)=1+4+32-2224023+02 +...

o
. fQ(Z):sz:1+z+z2+23+...
k=0

fg(z:):Zk!zk:1+z+2!zz+3!23+...

k=0
2. 2k 22 28 ;
. f4(z)zzﬁ:1+z+g+§+...:e
k=0
= (—1)k k 2
p— :1—7 —_—
* f5(2) kZ:OkJrlz 273
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7.2 Convergence of power series

Definition 7.2 (Convergence). If a power se-
ries has a limit we call it convergent —and diver-
gent otherwise. For all z € C where the power
series is convergent we may treat the power se-
ries as a function and write:

F) =3 a
k=0

<

Remark: How do we find out whether a power
series is convergent? With

o0
> ot
k=0

we apply the ratio test:
+1

n

. Ap41<2 . An+41
lim |2 | = lim .

n—oo an2™ n—00 | Qp
. An+1
= |2 lim |—*
n—oo | Qp

=lzlg <1

where ¢ is the ratio to check convergence of the
series o ak:

An+41
an

q = lim
n—oo

If ¢ = 0 then the power series is absolute con-
vergent for any z € C. If ¢ = oo the power series
is convergent for z = 0 only. If 0 < ¢ < 0o then
the power series is:

absolute convergent for |z| < %
divergent for |z| > %
unclear for |z| = %

(The same may be done with the root test.)
This leads us to the main theorem of power
Series:

Theorem 7.3 (Main theorem on power series).
Let (a,) be a sequence and z € C. For the

power series
(o]
E apz"
k=0

one of the following holds:
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1. convergence for z = 0 only
2. convergence for all z € C

3. There is a number r € R, r > 0 such that
the power series is absolute convergent for
all |z| < r and divergent for all |z| > .

This number r is called radius of convergence.
If the limit exists it may be calculated by:

. an
r= lim
or
. 1
r = lim

<

Remark: On the complex plane the set of all z
where the power series is convergent represents
a circular disk. The power series is convergent
for all z within this disk and divergent for all
z outside this disk. Along the edge of this disk
convergence is unclear.

Im,

unclear
/ for |z] =7
/// ’r'\\
i \
| 1 >
T
A /’ Re
A 7
N\
divergent e
for |z| > r absolute
convergent
for |z| <r

For a power series with offset zy (see defini-
tion 7.1) the disk shifts with its centre to z:

Im
. divergent for
4 ro for |z — zo| > r
\ ’ absolute
N ‘7\ convergent for
) . |z — 20| <r

unclear for
|z — 20| =7

Re

Example 7.2. We look at the power series in
example 7.1:

e fi1(z) is absolute convergent for all z € C.
(A finite polynomial is convergent for all
z€C.)

42

f2(2) is absolute convergent for all |z| < 1
(ratio or root test).

f3(2) is absolute convergent for z = 0 only
(ratio or root test).

fa(z) is absolute convergent for all z € C
(ratio or root test).

f5(2) is absolute convergent for all |z| < 1
(root test).

fe(z) is absolute convergent for all |z| < 2
(root test).

7.3 Exponential function

Definition 7.4 (Exponential function). With
z € C we define the exponential function with:

00 Zk
exp(z) = Z %
k=0
22 23 24
= 1+‘Z+‘§T‘+‘§[+‘ZT%—.”

<

Theorem 7.5 (Calculating with exponential
function). With e € R, e = exp(1) and z € C
we have:

e = exp(z)
With z1, z0 € C we have:
621+Z2

21 z9

=€ -e

<

Remark: FEspecially for z € C, a e R, b € R
and z = a + jb we have

where e® is a damping factor over —a and el is
oscillating over b with amplitude one.

Example 7.3. We want to analyse the function
Ft) = e(—1H8)t _ —t 8t

fort € R, 0 <t < 3. The imaginary part of
the exponent results in an osculating value. For
0 <t < 3 the imaginary part of the exponent
ranges from 0 to 24 which equals almost four
cycles (22 ~ 3.82).
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Re(e¥t) = cos(8t)/ Im(e¥?) = sin(8t)

The real part of the exponent is a damping fac-

tor from € to e3:
C_tu
1 i
O T T T >
0 1 2 3t

The function f(t) is the product of the two ex-
ponential functions:

7.4 Trigonometric functions

Definition 7.6 (Sine and cosine function).
With z € C we define the sine and cosine func-
tion with:

oo
) (_1)k:22k:+1
an(z) = 3 U
— (2k+1)!
B 2 25 T2
ST TR T T
oo
(71)k22k
cos(z) = R
k=0 '
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2’2 24 2’6 z

gt e e

8

<

Remark: Due to the odd exponents of z the
sine shows point symmetry

sin(z) = —sin(—=z)
whereas the cosine with its even powers is axial

symmetric:

cos(z) = cos(—z)

Remark: The definitions for the sine and co-
sine function show similarities to the definition
of the exponential function. If we take the ex-
ponential function with an imaginary argument
we get

=1+jz+ 2| + 3] + 1 +
1 . 22 23 24 ,25
SiHEm g Tt tiE -

31 57

=cosz+jsinz

. 23 25 27
+ilz—5+—5+---

which is Fuler’s formula:

Theorem 7.7 (Euler’s formula). For z € C we
have _
e* = cosz + jsinz

<

Remark: Due to the symmetry of the sine and
cosine function we have for a negative exponent:

e ™% = cos(—z) + jsin(—z) = cos z — jsin z

This leads us to the weighted sums of exponen-
tial functions to express the sine or cosine func-
tion:

Theorem 7.8 (Sine and cosine by exponential
function). With z € C we have

. e)? —e7?
sinzg = ——————
2j
el? 4 e7I%
COsSz = ———
2
<
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Figure 7.1: Coordinates for some angles on a unit circle, i.e. (cos¢,sinp), p € R.

Remark: Now we can derive the addition the-
orem for sine and cosine, e.g.

2jsin(a 4 b) = (@0 _ ¢7i(a+0)
e — eIl
= (cosa + jsina)(cosb + jsinb)
— (cosa — jsina)(cosb — jsinb)
= cosacosb+ jcosasinbd
+ jsinacosb — sinasinb
— cosacosb+ jcosasinbd
+ jsinacosb + sinasinb
= 2jcosasinb + 2jsina cosb

sin(a + b) = cosasinb + sina cos b

Theorem 7.9 (Addition theorem). With a,b €
C we have:

sin(a £b) =sina - cosb £ cosa - sinb

cos(a £+ b) =cosa-cosbFsina-sinb

44

Definition 7.10 (Tangent, cotangent). With
z € C and cos(z) # 0 we define:

sin(z)

tan(z) = cos(z)

With z € C and sin(z) # 0 we define:

cos(z)

cot(2) = sin(z)

<

Remark: Some easy to memorize values for
sine, cosine, tangent and cotangent for real an-
gles:

angle in .
deg | rad sin cos tan cot
00 Q=0 [L=1] 0 [undef.
I_1 |3 1
30| 5 |%=% | ¥ v RRL
V2 1| v2
3 1 1 1
60| 3 |5 B=3 | V3 | 5
90 | 7 |¥i=1 |¥0—0 |undef.| 0
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sin - Ccos T

Figure 7.2: Sine, cosine, tangent and cotangent for real arguments in the range —2m ... 27.

Due to symmetry and periodicity we can derive
the function values all these angles plus 57, n €
Z. E.g. for the sine function we have:

sinp = —sin(—y)
singp = —sin(p + )
sin ¢ = sin(p + 2n7)
Similar relations (but not exactly the same)

hold for the cosine, tangent and cotangent func-
tions.

7.5 Problems

Problem 7.1: Which of the following series
are power series?

k=0
fo(2) =D (F+27H)

k=0

> z z k
i) = 52 GV

k=0

B > (z+2)k

B =2 n

Problem 7.2: Find the radius of convergence
for the following power series:

filz) =2
k=0

February 20, 2012

o0 Zk
fa(z) = Z 3k
k=0
Y
f3(z)=>" ( klg) 2
k=0
fa(z) =D (=22 + 2j)F
k=0
0 . k 5
fo(2) = Z (4z 2 ill( +1)
k=0

Problem 7.3: Plot the region of convergence
on the complex plane for f4(z) and f5(z) of the
previous problem.

Problem 7.4: Find the radius of convergence
for the exponential function.

Problem 7.5: For ¢t € R plot the following
functions in the range 0 > t > 7
fi(z) = €'l folt) = 72T

f5(7f) _ 6(1/Tr+10j)15 fG(t) _ 67(1/7r+6j)t

Problem 7.6: Show that the following equa-
tions hold:

sin(a — b) = cosasinb — sina cosb

cos(a + b) = cosacosb —sinasinb
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cos(a —b) = cosacosb+ sinasinb

Problem 7.7: Show with Euler’s formula that
the following holds for any z € C:

2

sin2z+cos z=1

Problem 7.8: Express the following terms
by exponential functions only and try to reduce
them to a minimum:

fi(p) = cosp —jsin

fa(p) = sing +jcos o

f3(p) = 2jsing 4 e73%

fa(p) = cosp — 3l

Js(g) = 3Re(e?) + 1557
fo(p) = cos? p + Im(el?) sin

Problem 7.9: Simplify the following terms
(without a pocket calculator):

—gn T oy — ™ s
X1 = Sl 7 COS xg—tan4cot4
cot2 .
xr3 =tanlcot 1 Ty = sin 2
cos 2
_ s T — fuy T
X5 = COs g tan 3 X = COt 3 COS
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8 Functions

8.1 Definition of functions

In chapter 1 we saw already a broad definition
for a function, i.e. there the domain and image
where an arbitrary set. In calculus we concen-
trate mainly on real and complex numbers and,
hence, the domain and image are subsets of real
or complex numbers.

Definition 8.1 (Function). Let D CR or D C
Cand z € D.

o A real-valued function maps every element
of D to exactly one element of R and we

write:
J D—=R
f{xHﬂm

o A complex-valued function maps every ele-
ment of D to exactly one element of C and

we write:
f D—C
e fo)
<
Example 8.1.
of:{c_>R force R
T

is a real-valued constant function.

. C—>C
e id¢: .

is the complex-valued identity function.

b C—R
I YN |z| = \/Re2(x) + Im?(x)

is the real-valued absolute function.
J R=R
z i p(z) =Y 0o apxk

is the real-valued polynomial of n** order

with coefficients ag, a1, ...,a, € R.
o oxh - C—C
L S exp(z)

is the complex-valued exponential function.
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<

Remark: There are different ways to describe
a function:

1. analytical either in implicit form f(x,y) =
0, e.g.
224+ -1=0

or in ezplicit form y = f(z), e.g.
y=v1-—2a2

2. by a table, e.g.

T y
-1.0 | 0.000
-0.8 | 0.600
-0.6 | 0.800
-0.4 | 0.917
-0.2 | 0.980
0.0 | 1.000
0.2 | 0.980
0.4 | 0.917
0.6 | 0.800
0.8 | 0.600
1.0 | 0.000

3. as a set, e.g.
{(z,y) € [F1,1] xR |y =1—22}

4. with parameter, e.g.

x =cost, y=sint forte[0,n]

The examples describe the function illustrated
in the following graph:

Y,

47



8.2 Properties of functions

Definition 8.2 (Monotonicity). A real-valued
function f: D — R, D C R is called

o increasing if f(a) > f(b)
o decreasing if f(a) < f(b)
o strictly increasing if f(a) > f(b)

< f(b

(b)

for all a,b € D with ¢ > b. If a function is
(strictly) increasing or (strictly) decreasing we
call it (strictly) monotone. <

o strictly decreasing if f(a)

Definition 8.3 (Bounded function). Let D €
R or D € C and f be a real- or complex-valued
function over D. We say f is bounded if there
exist an M € R such that |f(z)] < M for all
x € D:

AM eRVzeD:|f(x)| <M

<

Definition 8.4 (Symmetry). Let D C R or
D C C be the domain of a real- or complex-
valued function f. The function f shows

o reflection symmetry if f(—z) = f(x)
e point symmetry if f(—x) = —f(x)
<
Definition 8.5 (Periodicity). Let D C R or
D C C be the domain of a real- or complex-
valued function f. The function f is said to be

periodic if there exist a real or complex non-zero
constant T" with

flxa+T)= f(x) forall x + T,z € D

<
Example 8.2.
o exh - R—R
Prl 2 exp(x)

is strictly increasing, is not bounded, is not
symmetric and is not periodic.

: { R — R
e sin: .
x + sin(x)

is not monotone, is bounded, is point sym-
metric and is periodic over 27.
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.- R—R
p: z— 22" neN

is not monotone, is not bounded, shows re-
flection symmetry and is not periodic.

.- [-1,1] - R
p- > —z2" 1 neN

is strictly decreasing, is bounded, shows
point symmetry and is not periodic.

Y,
1 -
) —_— gl
B 3
e i’ i
s 5
‘ ._‘\\ ....... T
[N
I AN
I ‘.
| "-t“..
T w.;. - T TT
-1 |
.y
PO
(N
A
A
AAl
]
-1 4

Definition 8.6 (Zero of a function). Let D C R
or D C C be the domain of a real- or complex-
valued function f and 2’ € D. For

fl@) =0
we say x’ is a zero of f. N
Definition 8.7 (Extrema). Let D CRor D C
C be the domain of a real-valued function f with

2’ € D and the epsilon neighbourhood U, (z').
We say 2’ is a

o [ocallmaximum if

f@') > f(x) for all x € U(2') N D

o [ocallminimum if

f@') < f(x) for all z € U.(2') N D
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e global!/mazimum if

f(@') > f(x) for all x € D
e global!minimum if
f(@") < f(2) for all x € D
If 2/ is a global /local maximum or minimum we
call it global/local extremum. <
Example 8.3.
.- R—R
Prl a1 — a2

has zeros at x = +1 and a maximum at
z =0.

maximum

Zevll Z€ero
1\ z

{ R—R
® CoS:
x > cos(z)

has zeros at x = nw + g, maxima at x =
2nm and minima at x = 2nw + 7 for n € Z.

cos(z) , maxima
\/zerosj/ 7Zeros
—T T or T
-1
minima
.- C—-C
PPl e a?+1
has zeros at z = +j. (Extrema are not

defined for complex-valued functions.)

R>[} — R
e In:
x — In(z)

has a zero at x = 1 and no extremum.
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8.3 Composed and inverse
functions
Definition 8.8 (Function composition). Let

X, Y and Z be sets and f : X — Y and
g:Y — Z be two functions. We define

of: { X—=Z
I e s g(f (@)
as the composition of f and g. <

i
[

Remark: For the composition commutativity
does not hold, i.e. go f # fog. The functions
must be applied from right to left, i.e. for (go
f)(z) the function f(x) is applied first and its
value serves as input for g: g(f(z)).

Example 8.4.

of: R—R
ger: x> exp(—2?)

is the composition of

f:{R—HR2

T —x
and
J R—=R
| =+ exp(x)

exp(—a?),

0.5

R‘
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Definition 8.9 (Inverse function). Let X and
Y besetsand f : X — Y be a bijective function.
We define

£l Y =X
| fa) e
as the inverse function. <

Remark: The inverse is not the reciprocal:
1
1 =
f(x)
In a Cartesian diagram the inverse is the mirror
image at the diagonal line z = y.

Example 8.5.
R—R
® exp: { R0
x > exp(z)
has the inverse:
R
In: >0 7 R
x — In(z)
Yt exp(z) -
2 7 ////
/1 ///// ln,(il:‘)
-2 1. 1 o2 *
.7 _2 A:
o . R — RZO
PiY g 22

has no inverse since it is not bijective.
cpi{ T

has the inverse:

sqrt : { RZO - RZO

T \/x

50

e sin: { =53] = [=1L1]
" | z > sin(x)

has the inverse:

_ _T T
arcsin:{ [ 1’1]_?[ 23]
x — arcsin(x)

Y, .
x|  arcsin(z)
2 1 e
"7
r .
1 S sin(z)
/,
T T T T 'x
T s
2 1 13
7
//'
1
7
s
’ ]
’ 1 T
2

8.4 Continuity

Definition 8.10 (Limit of a function). Let D C
R be the domain of a real- or complex-valued
function f. With z9 € D, v € D\ {zo} and
Yo € R or yg € C the expression

Jim (@) = yo

means that f(z) can be as close as desired to yg

by making x sufficient close to xg. <

Example 8.6. The function

) R\ {1} =R
P emer

is not defined for z = 1. However the limit is:

2
-1
lim x =2
=1 x—1
z2—1
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Definition 8.11 (One-sided limit). Let D C
R be the domain of a real- or complex-valued
function f, zo € D and z € D\ {zo}. We define
the

o left-sided limit as the limit of f(x) with x <
Q-

lim f(z)

T—To

o right-sided limit as the limit of f(x) with

x> xo:
lim f(z)
z—xot
<
Example 8.7. The sign function
R—-R
ion: 4 — 1 forx >0
Y 250 forz=0
r— —1 forxz <0
has the right-side limit
lim si =1
i ien()
and the left-side limit
lim sign(z) = —1
z—0~
sign(x) ,
1 4
-2 -1 1 27
F-1
<

Definition 8.12 (Continuity). Let D C R be
the domain of a real- or complex-valued func-
tion f, o € D and z € D \ {zo}. We say f is
continuous in x if

lim f(x)= lim_f(z) = f(ao)

Tz~ r—xoT

If f is continuous in all x € D we say f is a
continuous function. <

Remark: Visually speaking, if you are able to
draw a function without lifting the pen it is con-
tinuous.

Example 8.8.

February 20, 2012

e exp(z), sin(x) and cos(z) are continuous
functions in R.

).

e sign(x) (see previous example) is not con-
tinuous in z = 0.

e tan(z) is continuous in (-7,

B

e All polynomials are continuous.

<

Theorem 8.13 (Intermediate value theorem).
Let f be a real-valued continuous function over
[a,b], a < b and f(a) < f(b). For any value
yo € [f(a), f(b)] there exists an x¢ € [a,b] with
f(z0) = yo.

Vyo € [f(a), f(b)] 3zo € [a,b] : f(z0) =0
The corresponding holds for f(a) > f(b). N

Remark: Especially for f(a) - f(b) < 0 (i.e.
one factor is positive and the other negative)
the intermediate value theorem states that there
must be a at least one zero between a and b.

Example 8.9. The bisection method is an al-
gorithm to find zeros of an arbitrary function
f : R — R. First two values ag and by are re-
quired where f(ag) - f(bo) < 0, say, f(ag) < 0
and f(bp) > 0. Then the function value at
cp = ‘IOQLI’O is determined. If f(cyp) < O then
a] = Cp and bl = bo, else a; = Qo and bl = (9.
With a1 and by we repeat the same process and
approach the zero of f.

E.g. with the function f(z) = 22 — 2 and
a =1 and b =2 we get the following table:

n  an b, Cn
0 1 2 1.5
1 1 1.5 1.25
2 1.25 1.5 1.375
3 1375 1.5 1.438
4 1.375 1.438 1.406
5 1.406 1.438 1.422
6 1.406 1.422 1.414
2 4
o by,
e (Up
151 ¢ o ————9————2————9———4———0——
[ )
1e °
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The bisection method is simple and robust, but
rather slow. In computer science it is used to
derive an approximation as an input for a more
efficient algorithm, e.g. Newton’s method. <

8.5 Problems

Problem 8.1: Plot the following functions:
Lt { 0,7] = R

x +— sin(z)

z [0 02 04 06 08 1
f()| 0 004 016 036 0.64 1

3. {(z,y) ERxo xR |y = V/z}
4. = £\/t, y = exp(—t) for t € [0, 4].

2.

Problem 8.2: Give statements on monotonic-
ity, boundary, symmetry, periodicity, zeros and
extrema for the following functions:

L f:{R—HR

T e *

R—R
T e

R—C

x> et

z — Im e”

R<0—>R

x — In(—
x|—>c0t

1
1
{R—>R
1
15

R—-R
T f{ z—=a®+ a4

Problem 8.3: Find the inverse of the follow-
ing functions:

R—R
1. f{ x s —1
) R<o = Ry
2. f{ T 2+ 2
R—R
3 f‘{ x > cos(x)
52

4.f:{( 2:3) 2R

x — tan(x)

Problem 8.4: Which of the following func-
tions are continuous in their whole domain?

1.f:{( 2:3) 2R

x — tan(x)

R—-R
2. f{ x|z

3. The sign-function as in example 8.7

J R—=R
= f'{ 2 (@ — Dz + 1)

Problem 8.5: A continuous function in R has
the values f(1) = —1 and f(2) = 1. Give a
statement on zeros of f.
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O Differential calculus

9.1 Introduction

In engineering we are not only focussed on val-
ues at a given time or position but also in their
dynamic behaviour. E.g. for speed control the
police is not so much interested in the position
of a car at a given time but rather in the speed
of the car, i.e. the change of position per time.

Another example is a capacitor in electri-
cal engineering: We investigate the change of
voltage to determine the electrical current that
caused the voltage change.

Let’s assume a capacitor with capacity C
measured in Farad, F. The capacitor is charged
by a current ¢ which is a function over time ¢
and we write in short i(¢). The charging current
results in a voltage over the capacitor u which
also varies over time ¢ and we write u(t).

By measuring the voltage u we can evaluate
the current ¢. If the voltage increases with con-
stant speed over, say, two seconds by 4V on a
capacitor with 0.01 F, then the charging current
18

A 4V
i=C2Y —0.01F- 20 = 0.02A = 20mA
At 2s
If the current varies over time we need to find
out the current i at a ginven time ¢. To do so
we reduce the time interval towards zero
u(t + At) —u(t) du

R

Let’s assume the function for the voltage is
a sine-wave with frequency f and amplitude o
ie.
u(t) = usin(27 ft)

For the current i(t) we get:

i(t) = C%ﬂ sin (27 ft)
= u2w fC cos(2m ft)
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= jcos(2m ft)

with ¢ = 427 fC.

By the end of this chapter you will be able
to apply the required mathematics to solve this
kind of equations.

9.2 Differentiability

Definition 9.1 (Differentiability). Let D C R.
We say f: D — R is differentiable at x € D if

the limit et h) — (@)

) x — f(z

e h
exist. We call the limit the derivative of f at
z. If f is differentiable at all x € D we say f is

differentiable. <
f(ZL‘); ,
f(z+h) LI /
f(ZE) 7777:__7.»;1 ~ l _
///// /.//:L‘ x—i_h x

Remark: With 2’ = z 4+ h we may express the
derivative as

, p—
i 1) = S(2)
=z T —
For the derivative of f we write %(aj), % ()

or simply f’(z). Applications in physics often
deal with functions over time ¢ and physicists
write in short %(t) = f(t) = f where the dot
indicates the derivative w.r.t. time.

The 2 in brackets and denominator of %(:}:)
seem redundant. However, later we will have
situations to differentiate functions to x which
have no dependency to x but, say, y. There we
write 4L (y).

xX
If the context is clear we may skip the x in

brackets and write %.
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Example 9.1.
e 5q:R — R,z +— 22 is differentiable.
e sin: R — R,z — sin(x) is differentiable.

e abs : R — R,z + |z| is not differentiable
at 0.

<

Theorem 9.2 (Differentiability implies conti-
nuity). Every differentiable function is continu-
ous. <

Remark: Since it is an implication it does not
necessary mean that every continuous function
is differentiable, see the following example.

Example 9.2. Is the function of the absolute
differentiable at zero?

f:{]R{—HR

x|z

The function is continuous in R. We take the
left- and right-sided limit to test differentiability
at zero:

Lo FOER) = FO) L fpl= o]
h—0— h h—0— h
h O = FO) R0
h—0t h h—0t h

We get two different values, hence, although be-
ing continuous the function of the absolute is
not differentiable at zero.

]y

T
not differentiable here
2|y
1
T
-1
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9.3 Some derivatives

In this section we want to evaluate some typical
derivatives.

Example 9.3. What is the derivative of

h—0 h

= lim 2z + lim h = 2z
h—0 h—0
—— ——
=2z =0

Hence, the derivative of 22, x € R is 2.

<
Example 9.4. What is the derivative of
7 R—R 5
x > sin(x)
af _ lim sin(x + h) — sin(z)
dz  h—=0 h
—1 —h
—N— —~
— lim sin(x) cos(h) + cos(x) sin(h) — sin(z)
N h—0 h
B sin(z) + hcos(z) — sin(x)
 h—0 h
Jim cos(x) = cos(x)

Hence, the derivative of sin(x), € R is cos(x).
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Example 9.5. What is the derivative of
f R—R 9
x > cos(x)
af _ lim cos(z + h) — cos(x)
dx h—0 h
—1 —h
—~ —~ =
. cos(z) cos(h) —sin(x) sin(h) — cos(z)
= lim
h—0 h
— lim cos(z) — hsin(z) — cos(z)
h—0 h
~ lim —si o
lim sin(z) sin(x)

Hence, the derivative of cos(z), =z € R is
—sin(z).

Example 9.6. What is the derivative of

f:{R—HR ?
T e’
df I emth —e® ) (el — 1)
— = m - -——=1m —)
dr  h—=0 h h—0 h
:hmex(—1+1+h+’;—f+’§—f+...)
h—0 h

—1

ho h?
A < HCTREETI > c

Hence, the derivative of €*, z € R is e”.
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v, exp(x)

/

a‘

<

Some more of the basic derivatives may be
found in the upper part of table 9.1.

f(z) /(@)
c 0 forceR
x° cx™l forceR
1
ve e
c* clnc forceR,c>0
In|z| :
sin(x) cos(z)
cos(z) —sin(z)
tan(x) = sin(z) =1+ tan®(z)
cos(z) | cos?(x)
¢ f(z) c-f'(z) forceR
fz) £ g(x) f'(@) £ g'(x)
f(x)-g(x) f'(@)-g(x) + f(z) - g'(z)
f(z) f'(@)-g(x) - f(z) - g'(z)
9(x) 9*(z)
f(g(x)) f'(g) - d'(z)

Table 9.1: Some important derivatives.

9.4 Calculation rules for
derivatives

Theorem 9.3 (Basic operations on deriva-
tives). Let f and g be differentiable functions
and ¢ € R. Then we have

(f(x) £ g(z)) = f'(x) £ 4'(z)
(c- f(@) =c- f(2)
(f(x) - g(@)) = f'(2) g(z) + f(2) - ¢ (2)
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g(x 9*(z)
<
Example 9.7.
e Let f(z) = sin(z) + 22, then
f(z) = Lsin(z) + L£2° = cos(z) + 22

e Let f(z) = 32%, then
f(z) =3L2% =3 327 = 927

e Let f(z) =sin(x) - cos(z), then

f(z) = 7(1835"”) cos(x) + sin(a;)dcgsz(m)
= cos(x) cos(z) + sin(x)(— sin(x))

= cos?(z) — sin?(z)

e Let f(z) =tan(x) = Sin(@) then

cos(z)’

dsiin(:c) COS(:L‘) . sin(x) d cos(z)

fla) = —= =

cos?(x)

cos(z) cos(x) — sin(z)(— sin(x))

cos?(x)
cos?(z) +sin®*(z) 1
cos?(x)

~ cos?(x)

<

Theorem 9.4 (Chain rule). Let X,Y,Z C R
and f:Y - Z and g : X — Y be two differ-
entiable functions. With fog = f(g(z)) as the
composition of the two functions we have:

(fog) =(fog) -d
l.e. df df dg
@(37) = @(9) : @(33)

<

Remark: Mnemonic: “Outer derivative times
inner derivative”

Example 9.8.
e Let f(z) =sin(2nfx), then
flg) =sin(g)  g(x) =2nfz

f'(@) = f(g) - g'(x) = cos(g) - 2 f
=27 f cos(27m fx)
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e Let f(r) = sin?(z), then

flo)=9*  g(a)=sin(z)
fi(@) = f(9) - g'(x) = 29 - cos(z)
= 2sin(z) cos(x) = sin(2z)

e Let f(z) = /In|2x|, then

fl9)=+vg g(h)=In|h|  h(z) =2z
fl(@)=f'(g9)-g'(h) H(z)
_ b,
29 h T 2y/In2a] 2
1
~ 20/l]2]
e Let f(z) =e 2, then
f’(;p):e_é,%l 2:E:—1:e_§
<

Theorem 9.5 (Mean value theorem). Let I C
R an interval, f : I — R be a differentiable
function and a, b € I with a < b. There exist at
least one = € I, a < x < b such that

<

Example 9.9. Let f : R — R be a function
with @ — f(z) = §2% — 822 + 2z. Let further
a= % and b= 5% be two elements of the domain
of f. Then we have:

/ f(b) — f(a)
f(flf)— b—a
43 9
Lo 16 . 255 13
3 9 55 -1 36
37 12
L8y 13 o o
3) 12 9

L 8) 39 216 256 79
3/ 3 36 36 36
xl,gzgi%\/@

L.e. at position x1 and zy the first derivative of
f equals the mean derivative between a and b.

February 20, 2012



Y,
3A
f(b)'77 7777777777777777777777 :::"
21 )
14 /’/,4”/ /”/:
f(a) T/ : ,,”/ I :
O : xl T T xl T : ™
0 1 2 3 4 5 i 6"
a T T2 b
<

Remark: If a derivative is differentiable it may
be differentiated again. We then say second
. . ., d? 2
derivative and write d—zg(x), dd?f(x) or f(x).
If a function f is differentiated n-times we

then say n'' derivative and we write j;—f(fn),
ar f () or [0 (z).
Example 9.10.

o Let f(z) = 23 — 222 + 42 — 2, then

fl(x) =32° —4x +4
f"(z) =6z —4
7"(z) = 6
(@) =0
o Let u(t) = usin(wt), then
W(t) = w Gcos(wt)
u”(t) = — w? asin(wt)
u"(t) = — w0 cos(wt)
uM(t) = whisin(wt)
o Let f(t) = e, then
f/(t) =k €kt

fl(x) = T x
)= o= =5
fm(:L') — 21,—3 —_ %
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9.5 Problems

Problem 9.1: Plot the following function:

f:{R—+R

z|z—n[fon—Li<z<n+inelZ
e Is this function continuous?

e Is this function differentiable?

Problem 9.2: Evaluate the following deriva-
tives.

(~22?)

3e*

z® +v223)
3 — 2?4 1)

I
&lr &l Ble Bl B &l

(
(
(sinz + cosy)
(

sinx 4 cosy)

Problem 9.3: Evaluate the following deriva-
tives.

—~~

2t 1 a4 1)
%a:g + %:E?’ + %1'4)
(2% + 2zy + 9°)

a? = 2zy + o)

.’E2 o y2)

1y223

P

o fle &l &l &l &=

8
—
N
w

8
—

<

I\

2

P N e WD
w

fl~ &l &
8
<
N

Problem 9.4: Evaluate the following deriva-

tives.
1. %(af2 +273)
2 G4+ D)
3. 4 (325 —6275)
4. %(%xQ - %x*?’)
5. %(aﬁ% - ar*%)
6. L(2* 1) (7% +1)
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Problem 9.5: Evaluate the following deriva-

tives.

Problem 9.6:
tives.

Problem 9.7:
tives (n € N).

o8

A T ol

A oI

d
dz

d
i tanx cosx

e sinx

1235% sinx
dx

d 3 —x241
241

22
o

dx
d
dx e
4 Sinw
dz o

Evaluate the following deriva-

dre”
%ﬁsin(%rft)
45i2nte)
%sin2(:c)
4 /In|2?|
4 /sin(3%)

Evaluate the following deriva-

d!

3"

Tt

%ﬁ sin (27 ft)
Xl sin(2z)

dx
27 fi+¢)

o
dmae)
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10 Polynomials and rational functions

10.1 Polynomial function

Definition 10.1 (Polynomial function). Let
ne NU{0}, a, € C, k=0,1,...,n, a, #0
and xz € C. We then call
n
p = Z akxk
k=0
= ™ + an_12" .+ a4+ a1z + ag

a polynomial function or just a polynomial. We
say p is of n'™® order and call a;, the coefficients
of p. <

Remark: For our purposes we limit ourself to
real coefficients.

Example 10.1.
e p1(z) = 22 —2+1 is a 2" order polynomial.
is a 5™ order polynomial.

[} pg(ﬂf) = 155*1

o p3(z) =22 +3/x+1 is not a polynomial
due to the negative exponent of the second
summand.

o py(z) = 23—22Y243 s not a polynomial
since z of the second summand has a non-
integer exponent.

e ps(x) =2Y222 + £ —3 s a second order
polynomial (2'/2 = /2 € R is a coefficient
for x2).

e pg(x) =1 s a zero order polynomial.

Theorem 10.2 (Properties of polynomials).
e Polynomials are continuous.
e Polynomials are differentiable.

e Sums of polynomials are polynomials.

n m max(n,m)
Z apx® + Z b = Z cpx”
k=0 k=0 k=0
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e Multiples of a polynomials are polynomials.
n n
c Z apa’ = Z capz”
k=0 k=0
e Products of polynomials are polynomials.
n m n+m
(et ) (et ) = 3
k=0 k=0 k=0

o (Compositions of polynomials are polynomi-
als.

Z ak <Z bl:cl> = Z ckxk

k=0 =0 k=0

e Derivatives of polynomials are polynomi-

als.
n—1

n
d k _ k
a apr = CLX
k=0 k

=0

10.2 Zeros

Theorem 10.3 (Number of zeros). A polyno-
mial p : R — R of order n has at most n zeros.
<
Example 10.2. Let z € R.

e Zeros of x2 —1: {—1,1}

e Zeros of 2% + 1: {}

e Zeros of x3 —x: {-1,0,1}

e Zeros of 23 + x: {0}

<

Theorem 10.4 (Zeros of odd order polynomi-

als). An odd order polynomial p : R — R has
at least one zero. <
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Theorem 10.5 (Separating zeros). A polyno-
mial p,, of n'® order with a zero zo may be ex-
pressed by

pu(x) = (2 = 20) - pn1()

where p,_1(z) is a polynomial of order n — 1
with

Example 10.3. The polynomial

J R—=R
ps - x> ad—3x2 —x+3

has (among other zeros) a zero at xg = 1. We
divide the polynomial by this zero:

(xi —Smi —z 4+3)/(x —1) =2% -2z -3

—(2® —x7)

0 —222 —=x
—(—222% 42z)

0 —3z +3

—(—3x +3)

0

Hence, we get the second order polynomial

J R—=R
Pz - r—= a2 —2x—3

with the two remaining zeros: {—1,3}.

Definition 10.6 (Multiple zero). If a polyno-
mial p : R — R can be divided by a zero more
than once without rest we call it a multiple zero.
<
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Example 10.4. The polynomial
J R=R
P3il zsad—a2 -z +1
has a double zero at 1. I.e.

p3(z) =2 —2? -z +1

po(x) = P3(@) =z2—1

=xz+1

1
pi(z) = Pa(z)

= 1=

<

Theorem 10.7 (Fundamental theorem of alge-
bra). Every non-constant polynomial over com-
plex numbers has at least one zero. <

Remark: The fundamental theorem of algebra
includes complex zeros. Hence, polynomials like
p(z) = 2+ 1 have zeros in the complex domain.
If we divide a polynomial of order n by its
zero (x —xg) we get a polynomial of order n—1.
If this new polynomial is of order greater 0 it
again will have a zero. Hence, the fundamen-
tal theorem of algebra indirectly states that any
polynomial of order n has exactly n zeros.

Example 10.5. The polynomial
C—C
rd

22t -1
has four zeros:

flz)=2'—1=(-1D(E*+1)
=(z-1DE+D(E-j)(z+))

ie z1=1,29=—1, 23 =j and z4 = —j.
Im(z)
1

-2 -1 1 2 Re(z)
-1
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<

Theorem 10.8 (Conjugate complex zeros).
The complex zeros of a polynomial p : C — C
with real coefficients appear in complex conju-
gate pairs. l.e. for every complex zero there
exist a conjugate zero. <

Example 10.6. The polynomial
C—-C
r:d

2 22 —4z+5
has two zeros at z12 =2 £ j:

po(z) =22 — 4245

24
:pg(z):z Z+_5:z—2+j
z—z1  z—(24]))

p1(2) z2—2+4]

= = :1
po z—z0 z—(2-))

p1(2)

Im(z),
14 0
—2 -1 | 1 2Re(?)
14 o

<

Remark: When separating a polynomial into
its zeros, the complex conjugate zeros may be
kept together resulting in real coefficients. I.e.
with complex conjugate zeros at z12 = a £ jb
we have

(z —21)(z — 22) = (¢ = (a + b)) (2 — (a — b))
=22 — 2ax + a® + b*

=22+ A2+ B
with
A= —-2q B=a®+b°
A A2
= —— b=4+4/B— —
“T 7 4

10.3 Rational function

Definition 10.9 (Rational function). Let p and
q be polynomials and g # 0. We call

R—R
UR P 1
q(z)

a rational function. <
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Example 10.7. Let

R\ {-1,2} - R
2?4tz -2

22—z —2

be a rational function. Since the denominator

has two zeros at —1 and 2 we exclude these val-

ues from the domain.

f(z),

|\ [6 |

| 4

\r2
— I~
—4 -2\ ! 2 4 %

o2\

)

L I

<

10.4 Properties of rational
functions

Theorem 10.10 (Zeros of rational functions).
A rational function has a zero where the numer-
ator has a zero and the denominator is not zero.
<

Definition 10.11 (Pole). Let f : R — R be a
rational function. We call a point ¢ with the

property
lim | ()| = oo

T—TQ

a pole. <

Remark: When taking the left- and right-side
limit there are poles with equal and different
signs for infinity.

Example 10.8. The rational function

R\ {-1,1} > R
1

X —

d—ax?—x+1

has a pole at —1 with changing signs and a sec-
ond pole at 1 with equal signs.
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Although the domain of f is real only we plot
the poles already on the complex plane of x.
We do this to be prepared for complex poles
and zeros.

Im(x),
1 4
T K X T >
—2 -1 1 2Re(z)
—11

Theorem 10.12 (Pole of a rational function).
A rational function has a pole at xg where the
denominator has a zero and the numerator is
not zero. <

Remark: What is the situation if both, nu-
merator and denominator are zero? We need
I’Hopital’s rule:

Theorem 10.13 (I'Hopital’s rule). Let f,g :
R — R be two functions, g € R, ¢ € RU
{—00, +o0} with

lim f(z)= lim g(z) =0or £o0

T—T0 T—T0
and ,
f'(x)
a0 g'(x)
then
lim 7f(x) =c
v g(x)

Example 10.9. The rational function

R\{-1,1} >R
2 —x—2

x>
2 -1
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has in its numerator zeros at —1 and 2 and in
its denominator at —1 and 1. Hence, f has a
zero at 2 and a pole at 1. For the common
zero of numerator and denominator we apply
I’Hépital’s rule:
2r—1 2(-1)—1 3

1' = 1' = = —

Jm fle) = = Tt T
Le. for xyp = —1 the rational function f ap-
proaches %, however, since —1 does not belong
to the domain f will never have this value.

f(x)

Remark: A rational function is discontinuous
at points where the denominator is zero. How-
ever, if the left- and right-side limits exist and
are equal we call it a removable discontinuity.

10.5 Partial fraction
decomposition

Rational functions with large order polynomials
in numerator and denominator are difficult to
handle as they are. We are looking for a tech-
nique to split them into a sum of more basic
fractions.

The technique of partial faction decomposi-
tion changes a rational function into a sum of
low-order rational functions.

We need this e.g. to perform integration or
Laplace-transforms.

10.5.1 Order of numerator and
denominator

In a first step we need to assure that the order of
the numerator polynomial is less than the order
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of the denominator polynomial. If this is not the
case, we perform a polynomial division where
the rest is a fraction with this requirement.

Example 10.10. For the rational function

R—R
3 +322—2—-3
x2—4

the order of the numerator polynomial is not
less than the one of the denominator polyno-
mial. Hence we perform a polynomial division:

Exz +322 —z —3)/(2? —4) =2+ 3+ %
—(z —4x)
+32°+3x -3
—(+3a2? —12)
+3x +9
Hence we have:
3 2
4+ 3z —x—3 3z +9
f(z) = - —x+3+x2_4
<

For the partial fraction decomposition we
concentrate on the fraction only.

10.5.2 Partial fractions for real poles

Let us assume a rational function f with the
order n of the polynomial of its denominator
being greater than the one of its numerator.

If the polynomial of the denominator has real
zeros only we create the partial fractions as fol-
lows:

e for a single (not multiple) zero zg:

A

r — X

e for a double zero xg:
Ay Ao
+ (x — x0)?

r — X

e for an n-multiple zero xg:

Aq Ag P An
(e

T — xp (x — x0)™
We set the sum of these fractions equal to f,
multiply by the denominator of f and sort the
summands my the powers of x. Now we com-
pare the coeflicients of the powers of x on both
sides to evaluate the constants of the partial
fractions.
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Example 10.11. We take the remainder of the
previous example:

R—R
f: x'_>3$+9
|

We have two real zeros z; = 2 and zo = —2 and
we get:

_3x+9 A L+ B
a2 —4 -2 x+2

f(x)
We multiply with the denominator of f(x):

A(z?—4) B(z?—4)
T —2 T +2

=A(r+2)+ B(x —2)

=(A+B)z+2(A—-B)

3x+9 =

Comparing the coefficients we get the two equa-

tions:
3=A+B and 9=24-2B

Solving these two equations for A and B gives:

A:Z and = 1

Hence we get:

-3 -2 - 1 2Re(z)
14
<
Example 10.12. The rational function
R—-R
2 +2r+1
3 — 3x +2
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has in its denominator a single zero at —2 and
a double zero at 1. Hence we separate f into
three partial fractions:

22+ 2z +1 A By Bs
B —3r+2 w+2 +(a:—1)2
242 +1=(x—1)>2A4A4+ (z—-1)(z+2)B
+ (x +2)By
= (A+ By)2® + (B + By — 2A)x
+ (A~ 2B +2B)

r—1

Comparing the three coefficients we get:

1=A—|—Bl
2=DB1+ By —2A4
1=A-2B1+2By

Solving these three equations gives:

1 8 4
A:*a Blzf and BQ:—f
9 9 3
and we get:
2 1 8 4
+2+1  § g i
f(fb’):xg & = o+t : 2
3 —-3r+2 z+2 z—-1 (x—-1)
f(z), 1
61 |
| aq [
|2/
l ‘17/ l T —>
-3 )2 -1 1 2 37
: -21
| _4A :
Im(x),
1A
K @ K T >
92 _1 1 2 Re(z)
1

10.5.3 Partial fractions for complex
poles

Let us assume a rational function f with the or-
der of the polynomial of its denominator being
greater than the one of its numerator.

This time we assume that the denominator
polynomial also includes complex zeros. For
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real coefficients every complex zero z; results a
second complex conjugate zero zy. We combine
the complex conjugate zeros:
(z—2)(z—7) =2°— (21 + 7))z + 2177
=a2°+ax+b
with
a=—(21+721) and b= 2171
We use this term as denominator for partial
fractions:
e for a single (not multiple) pair of zeros:
Ax + B
2 +ax+b

e for a double pair of zeros:
Az + By Asx + Bg
22 +ar+b (224 ax+0b)?

e for an n-multiple pair of zeros:

Ajx + By A,x + B,
22 4+ax+b 7 (224 az+b)"

Example 10.13. The denominator of the ra-
tional function

R—-R

f: o x?—4
x e —
3 — 22+ 2

has a real zero at —1 and a complex conjugate
zero at 1 £ j. Hence we separate f into two
partial fractions:

22 —4 A Bx+C
x3—x2+2:x+1+x2—2x+2
22— 4= (2222 +2)A
+ (z+1)(Bx + C)
=(A+B)2* + (B+C —2A)x

+(2A4+C)
Comparing the three coefficients we get:
1=A+B
0=B+C-24
—4=2A+C
Solving these three equations gives:
3 8 14
A=——, B = and C=-—
5 5 5
and we get:
2 — 4 _3 8, _ 14
v —-—xc+2 x+1 z*-20+2
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10.6 Taylor polynomial

Polynomials are readily to handle e.g. for dif-
ferentiation or, as we see later, for integration.
Hence, if it is possible to approximate func-
tions by polynomials, further calculations be-
come easier.

If we want to approximate a function f at
point 2y by a zero order polynomial (i.e. a con-
stant) we simply take the value f(xo) as the
coefficient ag for the polynomial py:

po = ap = f(xo)

To improve the approximation we may want
to adjust the slope of f at xzy to a first order
polynomial. I.e. the first derivative of function
and polynomial shall be equal and we get the
equations:

p1(zo0) = f(wo)
pi(zo) = f'(xo)

In order to further improve the approxima-
tion we may include higher order derivatives:

pn(wo) = f(x0)
Pn(z0) = f'(20)
Pn(z0) = f"(x0)

P (z0) = ™) (o)

The resulting polynomial is the Taylor poly-
nomial:
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Definition 10.14 (Taylor polynomial). Let f :
R — R be an n times differentiable function.
We define the Taylor polynomial as

" fk) (g
Tn(x) = Z fk('o)(a: — .CU())k
k=0

with xg € R as the expansion point. <

Example 10.14. We want to approximate the
function
R._1—R
Fay oy L
x+1
by Taylor polynomials at expansion point xg =
0. The derivatives of f are:

ooy 1
F@ =Gy
" o 2
P G
" _ —6
—1)"™n!
f(n)(x) = (Z(' + i)n—&-l

With x¢p = 0 we get

k) (g
Tole) = 3 T (0 —
k=0

~_ (="

Le.
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(@),

Ty - 5

Ty 4 1

Ty~ 3 A

TN\l 2
BT 0 I

An application of the Taylor polynomial is
the propagation of uncertainty. In engineering
we perform measurements with an uncertainty
due to e.g. tolerances of the equipment. See the
following example:

Example 10.15. A car with mass of 1000 kg
drives with a speed of 90km/h = 25m/s. The
speed has been measured with an accuracy of
1%, i.e.

v=25m/s Av =0.25m/s

We want to estimate the kinetic energy of the
car which is given by

m
Ekin = f(?)) = 57}2
~ 1000 kg
2

(25m/s)? = 312.5kJ

The expected uncertainty of the kinetic energy
can be estimated by the Taylor polynomial:

n.fn)
Tn(’U + AU) _ Z f k‘(v)
k=0 ’

(v + Av) —v)*
— f() + /() Av+ L& A2 4

Since Awv is sufficient small we may stop after
the linear summand, i.e.

Ti(v+ Av) = f(v) + f'(v)Av

The first summand is the function itself whereas
the second summand is the propagation of un-
certainty. In our case:

AE, =~ %Ekm(v)Av = %%’U2AU = mvAv
=1000kg-25m/s-0.25m/s = 6.25kJ

which is 2% of the kinetic energy. <
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10.7 Problems

Problem 10.1: Which of the following func-
tions f : R — R are polynomials? If so, what is
the order?

L f(x)=1+z+2*+23+2*
2. flx)=a3-3

3. f(z)=0

4. fz) =3zt —z+1

Problem 10.2: Let p; and ps be polynomials
of 3'4 and 4 order, respectively. Which of the
following terms are polynomials? If so, what is
the order?

1. p1+p2

2. p1-p2

3. p + 2p2

4. 3p1 + 2ph
Problem 10.3: Write the following polyno-
mials as the product of their zeros.

L. m

2. P2

Problem 10.4: Perform polynomial division:
1. (23 — 622 — 11z — 6)/(z — 3)
2. (2% — 622 — 11z — 6)/(x — 2)
3. (2% —62%2 — 11z —6)/(x — 1)

4. (z* =522 +4)/(2? — 2 - 2)
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Problem 10.5: For a polynomial with real
coeflicients a complex zero z; is known. What
can you say about other zeros and what is the
minimum order of the polynomial?

Problem 10.6: Plot the following function:

R—R
f: HxZ—l
T
2 -4

Problem 10.7: Analyse the following func-
tions with respect to zeros and poles.

1. function of previous problem.

R—R
2. f: 1
o 22+ x—2
R—R
3. f: o 22 —1
m —
2 —4dx+4
R—-R
4. f: HxQ—x—Q
m e —
x2 -4

Problem 10.8: Create a rational function
f:R — R with zeros at 41, poles at £3.

Problem 10.9: Separate from the following
functions f : R — R a polynomial in order that
the remaining rational function has a higher or-
der in its denominator.

4

1. f(z) = ﬁ

2. fz) = :c;—fszl

3 flw) = x3—x2xj-x—l
P

2 —x+1

Problem 10.10: Perform partial fraction de-
composition for the functions f : R — R.

1
L. f(@:m

2z +3
2. Jlw) = 22 +4x + 4
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B 2+ 1

a3 4222 4 22

. x3+:L‘

ot 203422 — 20— 2

Problem 10.11: Evaluate the 2°4 order Tay-
lor polynomial at expansion point o = 0 of the
exponential function.

Problem 10.12: Evaluate the 15t order Taylor
polynomial at expansion point xg = 1 of the
natural logarithm function.
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11 Curve sketching

11.1 Introduction

Curve sketching is about analysing a function
with respect to a number of aspects. We ask
question about

e domain, codomain and boundary

e monotonicity, symmetry and periodicity
e intersection with axes

e cxtrema

e curvature

e discontinuities

e asymptotes

e drawing a sketch

Once you read the lecture notes until here,
most of these issues are known already. How-
ever, we will look at some of them from a
slightly different point of view.

If you are asked to perform a curve sketching
for a function f, you give a statement on all
these properties listed above.

11.2 Domain, codomain and
boundary

When investigating a function f you first should
look at the domain (range of definition), the
codomain and the image of f.

The domain is the set X of all values x € X
for which f(x) exist.

X = {a | V2 3f(2)}
The image I is the set of all values of f
I=f(X)

The codomain Y includes all elements of the
image I. However, there may be elements y € Y
which are not elements of the image y ¢ I. Le.

fX)=1CY
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domain —~—» codomain

image set
of X

If the absolute of all elements of the image
are smaller than a given limit M € R we say
the function f is bounded.

If(x)) < MeR forallze X

11.3 Monotonicity, symmetry and
periodicity

With the earlier definition of monotonicity and
the first derivative of a function we derive the
following theorem:

Theorem 11.1 (Derivatives and monotonic-
ity). Let I C R be an open interval and f : I —
R be a differentiable function. The function is

e increasing if f'(x) >0
e decreasing if f'(z) <0

for all € I. The function is strictly increasing
(or decreasing) if there exist only discrete z € I
where the first derivative is zero. <

We introduced two types of symmetry: reflec-
tion symmetry and point symmetry.

Definition 11.2 (Symmetry). Let f: R — R
be a function.

e If there exist a value zg € R with
f(xo— ) = f(zo + )
we say f has reflection symmetry at xg.
e If there exist zg, yo € R with
f(xo—m) —yo=yo — f(zo+ 1)

we say f has point symmetry with respect
to point (zg, yo)-
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<
Example 11.1.
e The function
f R—-R
N = (r—-1)2=22-22+1
shows reflection symmetry at xg = 1.
L reflection plane
-1 0 1 2 37
e The function
f R—R
L= (r—12+1=2%—322+32
shows point symmetry at (1,1).
fz),
4 N
reflection point
2 N
1 2 r
_9
<

Definition 11.3 (Periodicity). A function f :
R — R is periodic if there exist a T' € R such
that

f(z) = f(z+nT) for alln € Z

11.4 Intersection with axes

We analyse the intersections of the investigated
function f: D — R, D C R with ordinate and
abscissa of the Cartesian coordinate system.
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The intersection point with the ordinate is

trivial:

(0, £(0))
If zero is not an element of the domain, 0 ¢ D,
the intersection point does not exist.

The intersection points with the abscissa are
the zeros of the function. With n as the number
of zeros and x, k = 1,...,n as the zeros of f
the intersection points with the abscissa are

(g, 0) k=1,...,n

For polynomials there exist analytical meth-
ods to find zeros up to the order of four. If a
zero has been found, it can be separated from
the polynomial by polynomial division. This re-
duces the order of the polynomial and the num-
ber of remaining zeros.

11.5 Extrema

Theorem 11.4 (Extrema and derivatives). If
a differentiable function f : R — R has an ex-
tremum at xg € R then zq is a zero of the first
derivative of f, f'(z¢) = 0. Le. the tangent of
the function at zg is horizontal. <

Remark: This implication means that a zero
of the first derivative is necessary condition for
an extremum. However, not every zero of the
first derivative results in an extremum of the
function.

E.g. the function f : R — R,z + 23 has no
extremum at xg = 0 although it is a zero of the
first derivative of f.

Hence, a zero for the first derivative is a nec-
essary but not sufficient condition for an ex-
tremum.

Theorem 11.5 (Derivatives and extrema). Let
f:R — R be a twice differentiable function. If
there exist a number xy € R where the first
derivative is zero and the second derivative is
not zero then f has an extremum at zg. If
f"(x0) < 0 then it is a maximum, if f”(z¢) > 0
then it is a minimum. <

Remark: Again, this is an implication an does
not hold the other way round. E.g. the function
f:R = R,z — z* has an extremum at zq =
0 but both, the first and second derivative are
zero at xg.

A general approach is to differentiate a func-
tion f at zg until we find for the first time a
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derivative with f((z¢) # 0. If n € N is even,
xo is an extremum of f. If n is odd, zg is no
extremum of f.

Another general approach is to study the first
derivative in more detail. If the first deriva-
tive f’ of a differentiable function f : R — R
has a zero x¢ and it crosses the abscissa at this
point, then f has an extremum at xg. If the
first derivative just touches the abscissa at x
without crossing it, f has no extremum at xg.

Theorem 11.6 (Condition for extrema). Let
f : R — R be a differentiable function. A nec-
essary and sufficient condition for an extremum
at xg is that the first derivative of f at z¢ is
zero and that it crosses the abscissa at zg. <

Remark: If a function is defined over a closed
interval, an extremum can be at the end of the
interval, see the following example.

Example 11.2.

e The function

f:{ [0,3] = R

x — 2
has a minimum at 0 and a maximum at 3.

e The function

f:{ (0,3) » R

x> 12

has no extrema.

11.6 Curvature

If the second derivative f” of a function f : R —
R,z — f(z) is not equal to zero, the function
is curved, i.e. the slope of f changes over x.

If the second derivative is positive the func-
tion describes a left curve, i.e. for increasing x
the slope increases.

If the second derivative is negative the func-
tion describes a right curve, i.e. for increasing
x the slope of f decreases.

Definition 11.7 (Convex and concave func-
tions). Let f : I — R be a twice differentiable
function and I C R an interval.

e We say f is a convex function if

f(z) >0 forall x € I
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e We say f is a concave function if

f"(x) <0 forall x € T

f(x), convex function

T

Of interest are the points, where a function
changes its direction:

Theorem 11.8 (Inflection point and deriva-
tives). If a twice differentiable function f : R —
R has an inflection point at oy € R then zq is a
zero of the second derivative of f, f”(xg) = 0.
L.e. the tangent of the first derivative at xq is
horizontal. <

Theorem 11.9 (Derivatives and inflections).
Let f : R — R be a three times differen-
tiable function. If there exist a number x5 € R
where the second derivative is zero and the third
derivative is not zero then f has an inflection
point at xo. If f”(x¢) < 0 then the left curve
changes to right curve, if f”/(x¢) > 0 then the
right curve changes to a left curve. <

Remark: There are situations where the sec-
ond and the third derivatives are zero. There
are general approaches to find inflection points:

e If the second derivative of a function f
has a zero xy we differentiate over and
over again until we find a derivative with
f@(zo) # 0. If n € Nis odd, f has an
inflection point at zg. If n is even, f has
no inflection point at xzg.
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e If the second derivative of a function f has
a zero at xo we study this second derivative
in more detail. If f” crosses the abscissa at
xo, then f has an inflection point at zg. If
f" just touches the abscissa at xg without
crossing it, f has no inflection point at xg.

Definition 11.10 (Saddle point). We call an
inflection point with zero slope a saddle point.
<

Example 11.3.

e The function

f:{R%]R

rad—x
has the derivatives
fl(x) =32 =1, f"(x) =06z, ["(x)=6

At zo = 0 the second derivative is zero
whereas the third derivative is 6. Hence
f has an inflection point at 0 where a right
curve changes to a left curve.

inflection point

—_
vl |
D[ —
—_

8

e The function

f:{R—HR

vt -
has the derivatives
f(x) = 42® — 1, z) = 1222,
f(z) = 24z D (2) =24

At 29 = 0 the second derivative is zero.
However, it turns out that the third deriva-
tive has also a zero at g = 0 and the fourth
derivative has the value 24. Hence f has no
inflection point.

This becomes also clear by investigating
the second derivative. f"’(z) = 1222
touches the abscissa at g = 0 but does
not cross it. Hence, there can not be an
inflection point at x¢p = 0.
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f(x),
1 -
1 ]
2
1 1 x
32 2 1
_1 ]
2
e The function
f R—R
1 z— 23— 322+ 3z
has the derivatives
f'(z) = 32% — 62 +3,
f(x) = 6z — 6, f"(x) =6

At 2o = 1 the second derivative is zero and
the third derivative is 6. Hence f has an
inflection point at xyp = 1 where a right
curve changes to a left curve. Since the
first derivative is also zero at xg = 1 the
inflection point is a saddle point.

fz),
4 -
saddle point

2 -

Tl i T é T '1.

—3 L3 2
—9
<

11.7 Discontinuities

A discontinuity is a point where a function is
not continuous. We recall the condition for con-
tinuity at position xg:

lim f(z) = lim_f(z) = f(zo)

— +
Z‘—>1’0 CC—)$0

If the left- and right-side limit approaches
+o00 we say it is a pole.
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If both, the left- and right-side limit exist and
they are different we say it is a jump disconti-
nusty.

If both, the left- and right-side limit exist and
they are equal but the function value does not
exist we say it is a remowvable discontinuity.

Example 11.4.
e The function

R\ {0} =R
f:{ 1

T = —
X

has a pole at xg = 0.

&V

e The function

R—R
f:e z—0 forx<1
r—1 forx>1

has a jump discontinuity at =9 = 1. (This
would also be the case if f is not defined at
xo=1.)

f(z)
1

1
2

-1 0 1 2 3

e The function

R\ {0} =R

sinc : sin(x)
T —

x

has a removable discontinuity at xzg = 0.
We investigate the left- and right-side limit
at once by applying I’Hopitals’s rule:

lim sin(z) — lim cos(z) 1
z—0 T z—0 1
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11.8 Asymptotes

An asymptote is a simplified function to which
an investigated function approaches arbitrary
close towards infinity. There are different types
of asymptotes:

A wertical asymptote appears at poles of a
function. I.e. the asymptote is a straight verti-
cal line at a given value xg.

A function has a horizontal asymptote if its
value approaches a constant value:

Jm fz) =<
E.g. all rational functions with an order of the
denominator polynomial larger than the numer-
ator polynomial approach zero.

Finally the asymptote may be a simplified
function. E.g. If the order of the numerator
polynomial of a rational function is not less than
than the order of its denominator polynomial
we may find the asymptote by polynomial divi-
sion and neglecting the remaining fraction, see
examples below.

Example 11.5.

e The function

R\ {1 R
f:{ \{1)

T —

r—1

has a pole at zg = 1 and approaches 1
towards +oo. Hence we have two asymp-
totes: one at y = 1, the other at x = 1.

The limits at the pole are

x i x
= —o0, lim = 400

lim =
z=1+x —1

r—1-x — 1
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—9

e For the function

has a vertical asympotote at x = 0 and a

R>0—>R
22 +1
;_>
X

linear asymptote with y = z.

The right-side limit of the pole is 4-o0.

2 +1

e For the function

11.9 Drawing a sketch

Finally, with the knowledge of all the discussed
properties of a function it is useful to draw a
sketch of the function.

The sketch should visualize all zeros, ex-
trema, poles, inflection points and asymptotes.
Hence, the range should be chosen as such that
all these elements are visible.

As examples have a look at the sketches of
this chapter.

11.10 Problems

Problem 11.1: Find the image of the follow-
ing functions.

R—R
1 f'{ i a?—1

N f:{ R\ {0} > R

x—x !

R—R
5 f'{ x> sin(3z) — 3

N f:{ R\ {0} > R

[ |

Problem 11.2: Analyse the following func-
tions with respect to monotonicity, symmetry
and periodicity.

f:

R —-R
|

rr— —w—/——
2 —x+1

we perform polynomial division and find:
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R—R
Lf'{:ct—)x?’-i-a:
5 1 {R—>R
x> ad—x
T 202
3. {xr—>tan
e {R—>R
x — exp(z
R—-R
5. [+ {:Cr—>x —2z+1
R—-R
6. 1+ {xr—>exp ) sin(x)
R\{x\x—mrnEZ}—ﬂR
7. f:
:cr—>cot
R—R
8./ {:m—>cos2a:
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Problem 11.3: Find the intersections with
abscissa and ordinate.

L f{f:ﬁ—x

2 f:{ ]f:}v%—aH—l

3 { IE:SI;RH(.T)

L f:{ ]R{—Hli
r—et—e

Problem 11.4: Find z- and y-coordinates of
all extrema.

R—R
1. f’{ x> 2 —2x+2

(@)}
—
—
8
1 &
—+
Q0
=
~
8
N—

Problem 11.5: Check whether the following
functions are convex or concave and find the
x- and y-coordinates of all inflection and saddle
points.

R—R
1. f.{xng

'f:{IRi—HR;

=T

‘f:{]R—ﬂR

r— ot a2 -2

f:{R—HR

[\

—z+1

w

>

T3 — 62+ 120 —7

p{an e

x — x — tan(z)

o

Problem 11.6: Analyse discontinuities.
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R\ {0} =R
e’ —1

Problem 11.7: Find all asymptotes.

R\ {-1} =R
1 f: 2 — 1
R\ {-1} =R
2. f: 22—z +1
T
R—-R
5 f:{ x + sin(x)
R\ {0} =R
4. f: !Tr_}sin(a:)

Problem 11.8: Analyse the following func-
tions with respect to all properties listed in the
introduction of this chapter including drawing
a sketch.

R\ {-1} =R
1. f:
! T+ ! -1
T+ 1
R\ {1} =R
2. f: 3 — 322 +4
T ——
2 -2z +1
R—>R
3'f'{stin(2x)+1
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12 Boolean algebra

12.1 Introduction

Example 12.1. You get the task to design a
clean-room for industrial applications. You de-
cide to have an airlock which is a small room
between the clean-room and the outside world.
The airlock has two doors and you have to make
sure that only one door can be opened at once.

Each door is equipped with an electronic lock,
a handle with a switch and another switch to in-
dicate an open door. There exist also an emer-
gency line which allows both doors to be opened
at once.

ddol(;r % airlock
1, 11,4
- \
emergency ddogr %
button, e 2,12, %2
clean-room

An open door is indicated by di2 = 1, a
pushed handle by hi2 = 1, an emergency by
e = 1 and the door is locket with /12 = 1. The
opposite is marked with 0.

You find out that the lock of the first door
l1 depends on the handle of that door hy, the
state of the other door do and the emergency
line e. After thinking in detail about all possible
options you derive the following table:

hl d2 € ll
0 0 071
0 0 1|0
0 1 0]1
0 1 1|0
1 0 00
1 0 10
1 1 0]1
1 1 110
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You recall boolean algebra an derive the con-
junctive normal form for the lock of the first
door:

li = (hi Ada A&V (hy Ada A€)V (hy Ada AE)

After playing around with some rules for
Boolean functions you conclude for both doors
with:

i =(hiVda)Ne Iy = (haVdi) A€

12.2 Boolean functions

Definition 12.1 (Boolean function). Let B =
{0,1} be a set, then f : B — B is called
a Boolean function. l.e. f assigns to every
n-tupel (z1,x9,...,2,) with z; € B a value
f(x1,xa,...,2,) € B. <

Remark: Boolean algebra is not limited to the
mentioned set, however, with digital technology
in mind we limit ourself to this kind of sets.

Example 12.2. Let f : B — B,B = {0,1} be
a Boolean function that maps every (single) ele-
ment of B to another element of B. Since B has
exactly two elements, there exist four possible

functions f(z), i.e. fo,..., fs:

x| fo fi fo f3
oj0 0 1 1

110 1 0 1

fo =0 and f3 =1 are constant functions. f1 =
x is the identity function and fo = T is the
negation function. <

Example 12.3. Let f: BxB — B,B={0,1}
be a Boolean function that maps any two ele-
ments of B to an element of B. Since B has
exactly two elements, there exist sixteen possi-
ble functions f(x), i.e. fo,..., fie as listed in
table 12.1.

Some of the functions play an important role
in Boolean algebra:
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1 22| fo fi fo fs fa fs fe fr fs fo fio fu1 fiz fiz fua fi5
o oo o0 o o o o o o 1 1 1 1 1 1 1 1
o 17,0 O O O 1 1 1 1 0 O 0 0 1 1 1 1
1 oj0o o 1 1 O O 1 1 0 O 1 1 0 0 1 1
1 170 1 0 1 O 1 O 1 0 1 0 1 0 1 0 1

Table 12.1: All possible Boolean functions f : B2 — B, B = {0, 1}.

f(x) name Notation
f1 AND (conjunction) — x1 A xo
fe XOR (exclusive OR) 1 «» w2
fr OR (disjunction) 1V xo
fs NOR (negated OR)  x1V 2
fo XNOR (negated XOR) x <> x2

f10, fiz  NOT (negation) To,T1
fia NAND (negated AND) z1 ANxy

<

In chapter 1 of this lecture notes we learned
some basic calculation rules for logic expres-
sions. If we take 1 as a true statement and 0 as
a false statement we may apply all these rules
to Boolean algebra. Of particular interest are
conjunction, disjunction and negation.

Theorem 12.2 (Laws on Boolean functions).
Let 1, 22,23 € {0,1}, then we have:

1. Associativity:

(1'1 /\1‘2) Nxs =21 N\ (.732 /\xg)
(l’l \/1‘2) Vas=z1V ($2 \/.Tg)

2. Commutativity:

1 NIy =29 N1

x1VIy =22V I

3. Distributivity over A and V:

x1 V (.%'2 A .%'3) = (.’El V 1'2) A (.,”Ul V .’L‘g)
x1 N (.%'2 vV xg) = (.Tl A xg) V (:El A xg)
4. Double negation:

1= T1;

5. De Morgan’s laws:

1 NTy =71V Ty

1 VI =71 \NTo
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By these basic laws it is possible to replace a
Boolean function by other Boolean functions.

Example 12.4. We want to express the term
x1 Az Axs by binary disjunction and negation
only.

| De Morgan
| De Morgan

x1 Nxo N\ 23
=T1 VT2 Ax3

=TIV VT3
=TI V12 VT3
(71 V 72) V T3)

| remove double negation
| group in pairs

—~

<

Example 12.5. It can be shown that any
Boolean function can be replaced by multiples
of f(x1,22) = 1 Axa (i.e. NAND). Some ex-

amples:

T=xAN1
TiNTo =21 N2 A1

TiVao=21 A1Azo A1

TiANToANxT3=T1 AT2o A1 ANx3 A1

12.3 Normal form of functions

Is it possible to express any Boolean function
in a unique normalized form? There are two
ways to achieve this which are the so called
conjunctive- and disjunctive normal form. To
get there we first need to numerate all possible
input combinations and to define the so called
min- and maz-terms.

Let us assume we have m input variables
xo,T1, ..., Tn—1 € {0,1}. For the numbering we
arrange them in reversed order without commas
Tp_1...2120 and treat them as a binary num-
ber. Listed in a table we get 2" rows with row
number 0 to 2" — 1.
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row | ro I1 To | Mo M1 MMy M3 MTM4 My Mg TNy MO M1 M2 M3 M4 M5 M6 M7
010 0 0]1 o o0 o o 0 0 O 0 1 1 1 1 1 1 1
tr/0 o0 10 1T O O O O O O 1 0 1 1 1 1 1 1
210 1 0|0 O 1 o o0 0 o0 0 1 1 0 1 1 1 1 1
3 /0 1 1,0 0 O 1 0O 0 0 o0 1 1 1 0 1 1 1 1
4 1 0 0O 0 0 0 1 0 0 0 1 1 1 1 0 1 1 1
5 1 0 1,0 O O O O 1 0 0 1 1 1 1 1 0 1 1
6 1 1 010 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1
7 1 1 1|0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0

Table 12.2: Min- and max-terms for three Boolean variables xa, 1,z € {0, 1}.

row Tp—1n—2...T12TQ
oth 00...00
18t 00...01
ond 00...10
on _ oth 11...10
on _ 1th 11...11

We get for the row number i:
n—1
1= Z aszk
k=0

Definition 12.3 (Min- and max-term). Let

B ={0,1} be a Boolean set and zp,_1,...,20 €
B, n € N be n Boolean variables.
We define a min-term m;, 1 =0,1,...,2" —1
with:
B" — B
m; =< Tp_i,...,00— 1 ifi= Z;(l):cka
Tn_1,...,20+— 0 otherwise
We define a maz-term M;, ¢ =0,1,...,2" =1
with:
B" - B
M;:=2{ @y q,..., 200 ifi=Y7"gxx2"
Tn_1,...,20+— 1 otherwise
<

Example 12.6. For two Boolean variables x
and zg we have four min- and max-terms each
as listed below.

TOW |1 o |Mo M1 M2 M3 M() M1 MQ M3
0o/ oy1r 0 0 0y0 1 1 1
110 10 1 0 O|1 O 1 1
211 040 0 1 Oy1 1 0 1
3|1 14,0 0 O 1}1 1 1 O

<

February 20, 2012

Example 12.7. For three Boolean variables x2,
z1 and xg we have eight min- and eight max-
terms, see table 12.2. <

Remark: Min- and max-terms can be ex-
pressed by the basic Boolean functions negation,
conjunction and disjunction: We write the in-
dex 4 of the min- or max-term in binary form
and assign the digits of the binary number to
the Boolean variables x,,_1...x120.

For min-terms we negate the variables with
binary digit 0 and then take the conjunction of
all variables.

For max-terms we negate the variables with
binary digit 1 and then take the disjunction of
all variables.

Example 12.8. For three variables xs, 1 and
xg we get eight min-terms and eight max-terms.
The expressions by negation, conjunction and
disjunction are given by:

010 = 0002

T3 NT1 A To

xo V1V I

110 =001 | 23 AZ1 Axo | 22V 21 V X0
210 =0109 | To Ax1 ATy | 2 V1 V X
310 =011y | Zo Ax1 ANxg | T2 VT V T
410 = 1009 | zo AZTT AXg | T2 V 21 V X
5190 =101s | xo ATy Axg | T2 V21 VI
610 =1102 | Zo A1 ATy | T2 V1 V X
Twio=111o | xo Ax1 A2y | T2V T VT

Theorem 12.4 (Disjunctive normal form).
Any Boolean function can uniquely be ex-
pressed by a disjunction of min-terms.

<
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Example 12.9. We want to determine the dis-
junctive normal form for:

’- { B3 — B
’ x9,X1,To > (Z'Q \/1‘71)/\1‘0

We derive the value table and add the min-
terms:

rar120 | f(72, 21, 70)
000 0

001
010
011
100
101
110
111

3
5

— o ocoo0ooc oo oS
5

N O TR WN = O
= O M= O OO
OO OO OO~ O
OO OO O OO

Hence we get

f=miVvVmsVmy
= (@Aﬂ/\l’o)\/(%’g /\ﬂ/\l’o)
V($2A$1A$0)

which is the disjunctive normal form of f. <

Theorem 12.5 (Conjunctive normal form).
Any Boolean function can uniquely be ex-
pressed by a conjunction of max-terms. <

Example 12.10. We want to determine the
conjunctive normal form for:

;- B3 — B
" z2, 1,0 = 22 V(T A o)

We derive the value table with the correspond-
ing max-terms:

i | womizo | f(wo, x1,20) | Mo My M;
0| 000 0 0 1 1
1 001 1 1 1 1
21 010 0 1 0 1
3] 011 0 1 1 0
4 100 1 1 1 1
5 101 1 1 1 1
6 110 1 1 1 1
7 111 1 1 1 1

Hence we get

f = My AN My N\ Ms
= (.1:2\/1’1\/1130)/\(:62 Vﬂvxo)
A (z2 VTIV Tp)

which is the conjunctive normal form of f. <
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12.4 Problems

Problem 12.1: Consider a Boolean function
;- { B3 — B,B={0,1}
(@1, m2,23) = f(21, 22, 22)
How many different input value combinations

exist? How many different functions f are pos-
sible?

Problem 12.2: Which of the following equa-
tions are true? check by truth table.

l.xAy=7Vy
2. zVYy=TATY
.z y=(xANy) V(ITAY)
4. z»y=(xVy N @TVY)
5. x4 y=(@Vy ATVYy)
6. z»y=(@xAY)V(TAY)

Problem 12.3: Express the following terms
by disjunction and negation only. (Take the
outcome of the previous problem into account.)

1. x1 Axg 3. x1 Nxa N x3

2. x1 & T9 4. 1 +» 9

Problem 12.4: Express the following terms
by binary negated conjunction (NAND) only:
f:B% = B,(z,y) =T Ay.

1. 1V 29 3. z1 AT

2. 21V xy 4. T1 V o

Problem 12.5: Express the following terms
in conjunctive normal form.

1. 21 <> 29 3. (zVy Nz

2. To <~ T1 4. (

Problem 12.6: Express the following terms
in disjunctive normal form.

1. 1 < 3. xV(yAz)

2. xg +» 11 4. aN(bVe)
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13 System of linear equations

13.1 Introduction

Example 13.1. “If John gave 1€ to Judy they
both would have the same amount of money. If
Judy gave 1€ to John he would have twice as
much money as her. How much money does
each of them have?”

How do we find out? We first define x and y
as John’s and Judy’s amount of money, respec-
tively. Then we express the first two sentences
as two equations:

r—1=y+1
r+1=2-(y—1)
We multiply the brackets, bring all constant

summands to the right and all summands in-
cluding z or y to the left:

T—y=2
r—2y=-3

These two equations can be visualized as
straight lines in a Cartesian diagram:

ylk
r—y=2
r—2y=-3

T
We subtract the first from the second equa-
tion and leave the first as it is:

T—y=2

Then we subtract the second from the first
equation and multiply the second by —1:

=7

Hence, John has 7€ and Judy has 5€. <
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This example deals with a small system of
linear equations. With two equations and two
unknowns we found a unique solution. Is this
always possible? Is there always a unique solu-
tion?

A system of linear equations may deal with
more than two unknowns. It may be used to
numerically solve integrals or differential equa-
tions. In three dimensional field problems the
number of unknowns may increase to several
million or more!

In this chapter we get a first idea on systems
of linear equations, derive a general approach to
solve them and discuss whether they are solv-
able at all.

13.2 Definition

Definition 13.1 (System of linear equations).
Let K =R or K = C. We define a system of
linear equations (SLE) as

a11x1 + ai2x2 + ... + appxn, = b

aaix1 + axry + ... + axpr, = b

Am1T1 + amaT2 + ... + ATy = by
with the coefficients a11, a2, ..., amn, € K, the

constant terms by, bo,..., by € K, m € N the
number of equations and n € N the number of
unknowns z1,...,x, € K.

If by,...,b,, are all zero we call it a homo-
geneous SLE and a inhomogeneous SLE other-
wise. <

Example 13.2. In the introductory example
we derived an SLE with two equations contain-
ing the two unknowns x and y:

T—y =2
T —2y=-3
Hence we get
apn =1, aiz = —1, by =2,
as1 = 1, a2 = —2, bz = 3.
<
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Remark: An SLE may be expressed by

ailr - Qln 1 b1
Aml " Qmn T bm
A T = b

where A denotes the coefficient matriz, x a so-
lution vector and b the constant vector or inho-
mogeneous vectorinhomogeneous!vector.

Example 13.3. We rewrite the SLE of the in-
troductory example

1‘1—$2=2

1 — 229 = —3
and get
(=) (2)=(5)
1 -2 T2 -3
A xr = b

Remark: As an expression for an SLE we may
write in short

= (Alb)

which is the extended coefficient matrix.

Example 13.4. For the introductory example

we write:
1 -1 2

13.3 Gauss-Jordan elimination

13.3.1 Elementary row operations

To solve an SLE we apply elementary row op-
erations:

Theorem 13.2 (Row switching). If an equa-
tion of an SLE is switched with another one,
the values of the unknowns do not change. <
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Theorem 13.3 (Row multiplication). If an
equation of an SLE is multiplied by a constant
c € C, ¢ # 0, then the values of the unknowns
do not change. <

Theorem 13.4 (Row addition). If an equation
of an SLE is added to another equation of the
same SLE, then the values of the unknowns do
not change. <

13.3.2 An example

Let’s assume the following SLE:

2¢1 — 2x9 + x3 = —3
—x1 + 32 + 23 = 3
Ty + 3x9 — 223 = 7

and write it as extended coefficient matrix:

First, where possible we change the elements
at the bottom left to zeros. This is done by

1. multiplying a row by a factor to get a 1 for
the first non-zero element and

2. subtracting rows to gain zero elements.

We divide row 1 by 2:

SIS
— 3 1 3
1 3 =2 7

Add row 1 to row 2 and subtract row 1 from
row 3:

ISR
0 2 35| 3
AN
0 4 —3| 3
Divide row 2 by 2:
IS
3 3
RE

Subtract the quadruple of row 2 from row 3:

0| S jearoles

1
0
0

O = =
=
M‘»—»&\WM—A
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Divide row 3 by —%:

o O =
[EEENIJV NI IE
= ol

0

Now we concentrate on the elements at the
top right. We subtract —% of row 3 from row 1
and subtract % of row 3 from row 2:

1 -1 0]-1
0o 10| 3
0 0 1|-

Add row 2 to row 1:

o O =
O = O
_— o O
— DL =

With this extended coefficient matrix we get
the solution:

In this example we were lucky to end with an
identity matrix, i.e.

1 fori=j
Y71 0 otherwise

This is not always the case. To find a general
approach we need the so called reduced row ech-
elon form of a matrix:

13.3.3 Reduced row echelon form, rref

Definition 13.5 (Reduced row echelon form).
Let M (m xn,K) be a matrix with m rows and n
columns of elements in K with K =R or K = C.

We say M has reduced row echelon form (rref)
if

1. All rows containing zeros only (i.e. zero-
rows) are at the end of M (i.e. the bottom
of M).

2. The leading entry of non-zero rows (i.e. the
first from the left unequal zero) is one.

3. From row 2 on the leading entry of non-zero
rows is further to the right than all previous
leading entries (i.e. the rows above).

4. All entities above and below a leading one
are zero.
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Remark: In case of an extended coefficient ma-
trix (A | b) the definition applies to the coeffi-
cients a;; only and not to the constant terms
b;.

Theorem 13.6 (Reduced row echelon form).
Any matrix M(m x n,K) can be changed into
reduced row echelon form by elementary row
operations. <

To change a matrix into the reduced row eche-
lon form we proceed as in the previous example.
First we change the elements at bottom left to
ZEros:

1. If there exists a row below the first with a
leading entry further to the left than in the
first row switch the rows.

2. Divide the first row by its leading entry to
change it to unity.

3. Subtract multiples of row 1 from the sub-
sequent rows to change all elements below
the leading entry of row 1 to zero.

4. Repeat this three steps for rows 2, 3, 4 etc.

Then we convert the elements above the leading
entries to zeros:

1. Subtract multiples of the last non-zero row,
say row k, from the rows above to change
the elements above the leading entry to
Zero.

2. Repeat this step for all rows above row k.

Remark: To indicate the change of a matrix A
into the reduced row echelon form we may write
in short:

rref(A)

Example 13.5. We want to change the SLE

2x9 + 3x3 + 4x4 =
r1 + 4xe + 33 + b1y
1 + 4z + bz + lzy
1 + 3x9 + 23 + 224 =

I
G O

into the reduced row echelon form and write it
as extended coefficient matrix:

0 2 3 4|1
1 4 3 5|6
1 4 5 1]4
1 3 2 215
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We proceed as follows: switch rows 1 and 2: 13.4 Solutions of an SLE

1 4 3 516 13.4.1 Three solution behaviours
0 2 3 4|1
1 45 14 When trying to find the solution of an SLE we

1. no solution,
Subtract row 1 from row 3 and 4:

2. a single solution or

1 4 3 5| 6

0 2 3 4 1 3. an infinite number of solutions.

0 0 2 —4)-2 For two unknowns this may be visualised in
0 -1 -1 -3]-1 a diagram where each equation is represented

by a straight line. The solutions are where the

Divide row 2 by 2: . .
lines coincide.

1 4 3 5 6 If the lines are parallel but not identical, there
0 1 % 2 % is no solution. If the lines intersect, there is a
0 0 2 —4|-2 single solution. If the lines coincide, i.e. they
0 -1 —1 —=31| -1 have the same slope and position, there exist an
infinite number of solutions along the line.
Add 2t 4:
FOW 2 10 Tow Example 13.6. We look at three examples
1 4 3 5 6 with two equations and unknowns and visual-
0 1 % 2 % ize the equations as graphs.
0 0 2 —4| -2 Th . .
1 1 ° e system of linear equations
00 5 —1|—3
x—2y=20 —2x+4y =3
Divide row 3 by 2: )
has no solution.
1 4 3 5 6 y
3 1
01 5 2| 3 3
001 —2|-1 S 3
00 5 —1|—3 5
Subtract % of row 3 from row 4:
11 x—2y=20
14 3 5] 6
3 1
O 1 b) 2 b 0 T T T T T
0 01 —2|-1 0 1 2 3 4
00 0 0] O

e The system of linear equations
Subtract 2 of row 3 from row 2 and subtract . .
2 - r—y=1 r+2y=4

row 3 three times from row 1:

has the single solution

1 40 11| 9
010 5| 2 r=2 y=1
001 —2|-1
000 O

Subtract row 2 four times from row 1:

1 0 0 -9 1
010 5
001 —-2|-1
0 00 0 0
This is the reduced row echelon form. <

82 February 20, 2012



e The system of linear equations
—r+2y=1 20 — 4y = —2

has an infinite number of solutions which
may be expressed as:

r+1

y:

2

<

Remark: For an infinite number of solutions
one (or more) of the unknowns are used as an
parameter to express the other unknowns.

13.4.2 Solution of a homogeneous SLE

The constant terms of a homogeneous SLE re-
main zero when performing elementary row op-
erations. Hence, the Gauss-Jordan elimination
may be performed on the coefficient matrix.

A homogeneous SLE has always a trivial solu-
tion: All unknowns are zero. Hence, a homoge-
neous SLE shows only two solution behaviours:
a single solution or an infinite number of solu-
tions. Also, if a homogeneous SLE has a single
unique solution, then all unknowns are zero.

If the reduced row echelon form is the identity
matrix:

10 --- 0

01 -~ 0
rref(A) =

00 --- 1

or an identity matrix with some zero-rows un-
derneath:

10 0
01 0
rref(A)=]1 0 0 --- 1
0 0 0
0 0 0
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then there exist only the single solution where
all unknowns are zero.

If there exist one ore more rows in the reduced
row echelon form with more than one non-zero
element, then the homogeneous SLE has an in-
finite number of solutions.

13.4.3 Solution of a inhomogeneous SLE

We now investigate the influence of the solution
behaviour of an inhomogeneous SLE on the re-
duced row echelon form of the extended coeffi-
cient matrix rref(A | b).

If the reduced row echelon form of the ex-
tended coefficient matrix has one or more rows
where only the constant is non-zero

O-z14+40-20+...+40-2, #0

we have a contradiction. Hence, the SLE has
no solution.

If the reduced row echelon form is the identity
matrix:

10 0] b1
01 0] by
rref(A | b) = S
0 0 110,

or the identity matrix with some zero-rows un-
derneath:

10 -+ 0|h

1 - 0]b

rref(A)=| 0 0 --- 1|0
0 0 0

00 -+ 0]0

then, there exist a single solution.

If the reduced row echelon form does not con-
tradict itself, and there are one or more rows
with more than one non-zero coefficients, then
there are an infinite number of solutions.

Example 13.7. From the previous example we
get the reduced row echelon form of the ex-
tended coeflicient matices:

1 =210
[ ]
0 0|3

The last row leads to a contradiction and,
hence, the SLE has no solution.
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0
1

-2

2
1
We see the identity matrix for the coeffi-

cients and, hence, the SLE has a single so-
lution.

0

))

There is no contradiction and row 1 has
two non-zero coefficients, hence, the SLE
has an infinite number of solutions.

13.5 Problems

Problem 13.1:
Gauss-Jordan-elimination using the extended
coefficient matrix.

Solve the following SLE by

20 + y+ 2=1717
1. 2 +2y + 2z =28

r+ y+ 22=9
a—b+c= 1
2. a+b—-—c= 1
a+b+c= -1

bx1 + 4zo + 3x3 = 4
3. 3x1 + 220 + 23 = 4
.7}1—.7}2—2.7}3_6

20 + 4b — ¢ = 2
45a—3b—|—2d: 3

" da — 2¢+ d = -1

b+ 2c— d= 2

dx1 + 3x0 + 223 + x4 —2
1 + 229 + 3x3 + 4y = 2
5.

1 + 2z9 + w3 + 2x4 = 2
r1 + $2+2$3+3SE4— 1
2u+ v+ w+ =6
6 u— v+ w—3x =25
"T2u 4+ v — w-— 2z =3
u+ 2v — 2w — x =0

Problem 13.2:
changing them into reduced row echelon form.
Explain the results.

T+ y=
1. y+ 2z =
r — z =

84

1
-1
1

Solve the following SLE by

QL o Q
+ + +

31‘1

w W
Q Q Q

o o o

_l’_

1

=1

=0

2xy + 3x3 = 4

209 + x3 = 8
1 + x2 + w3 = 3

b+ 3¢ + 4d = —7

b+ c+ d= 5

b+ c+2d= 3

b+ c+ d= 0

Tro — I3 2%4——1

To — I3 3xy = —2

Tro — I3 Ty = 0

Tro — I3 Ty = 1
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14 Matrices

14.1 Introduction

In the previous chapter we already expressed a
system of linear equations SLE by a matrix and
two column-vectors A-x = b. However, we used
it only as a technique to write our SLE without
extra addition and equality signs + and =.

In this chapter we will see the meaning behind
this notation an learn basic operations on ma-
trices. We will see that the inverse matrix A~1
is a useful tool to evaluate the unknowns for
many different constants b. And finally, we will
look again on the solution behaviour of SLEs by
analysing its (extended) coefficient matrix.

14.2 Definition and special
matrices

Definition 14.1 (m x n-matrix). Let K = R or
K = C. A rectangular arrangement of numbers

ai; €K, i=1,...,n, j=1,...,m, m,neN
ail a2 ain
a a2 Q2n
A= .
Gm1 aAm2 " Oamp

is called a m x n-matriz. We call a;; the el-
ements of A, m the number of rows and n
the number of columns. The set of all possi-
ble m x n-matrices is denoted by M (m x n, K).
In short we write

A = (aij)mn or just A = (a;j)
We call r; := (a1, a2, ...,ai,) the it" row-
vector of A and write
r1
T2
A= )
'm
We call
alj
agj
o _ T
¢j = , = (a1, a2j, ..., amj)
am]’
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the j* column-vector of A and write:

A= ((017627 ce 7071))

The double brackets indicate a matrix in con-
trast to a vector. <

Definition 14.2 (Special matrices). Some spe-
cial matrices:

o All elements of the zero-matriz 0,,, €
M(m x n,K) are zero, e.g.

0000
022 = <8 8) 034=10 0 0 O
0000

e For a square-matriz the number of rows
and columns are equal, i.e. M(n x n,K).
E.g.

ail a2 ais
A= (aij)33=| a2 azx a3
az1 azx ass

In short we may write: A = (a;j)3

e A diagonal matriz is a (usually square) ma-
trix A = (aij)m,n with

ok fori=y
YTV 0 fori#j

where * denotes any value (including zero).
E.g.:

1 00 4 0
020,05,<(1)38>
0 0 3 0 0

e The identity matriz I, € M(n x n,K) or
Imn € M(m x n,K) is a diagonal matrix
with the diagonal elements being one:

1 fori=4
aij—{ J

0 fori#j
E.g.
1 00 10
Is3=( 0 1 0 |, Iso=1 01
0 01 0 0
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We call the column-vectors of the identity
matrix unit-vector. l.e. the indintity ma-
trix I, has the unit vectors e, es, ..., ey:

I, = ((e1,€e2,...,€p))

e A lower triangular matriz or left triangular
matriz denotes a matrix A = (a;;) where
all elements a;; with i < j are zero, i.e.

_J O fori<y
=« fori>j

where * denotes any value (including zero).

E.g.
;lg (100)
3 1 2 3 0

e An upper triangular matriz or right trian-
gular matriz denotes a matrix A = (aj;)
where all elements a;; with ¢ > j are zero,
ie.

100
2 20 |,
1 4 3

_J O fori>y
YT % fori<j

where * denotes any value (including zero).
E.g.

S O N
S = W

14.3 Basic matrix operations

Definition 14.3 (Sum of matrices). Two ma-
trices A = (aij)m,n and B = (b;j)m n are added
by adding their elements:

A + B = (aij + bij)m,n

<
Example 14.1.
1 2 76 8 8
34|+ 3 3 |=167
5 6 0 1 5 7
<
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Definition 14.4 (Multiplication with scalar).
A matrix A = (aij)m,n is multiplied by a scalar
A € K by multiplying its elements with A:

A A= ()\ . aij)mm

Example 14.2.
3. 121\ (3 6 3
32 1) \9 6 3

Definition 14.5 (Transpose of a matrix). The
transpose of a matrix A = (a;j)mn is a n x m-
matrix with switched rows and columns, i.e.

<

a11G21° " Gm1
a12G22° " Gm2

a1 a12 - Ain
a21 22+ A2n

AT — —

Am1Gm2* * * Amn A1nQG2n° * * Gmn

<
Example 14.3. With
1 2 3
A_<4 5 6)
we get
T 1 4
AT:<i 2 2) =25
3 6
<

14.4 Matrix multiplication

Definition 14.6 (Matrix product). Let A =
(@ij)m,n and B = (bjj)np be two matrices. We
define the product C' = (¢;jj)mp of A and B by

C=A-B

(Cij)mp = (Z aik’?kj)
k=1

m7p

<

Remark: The number of columns of the left
matrix must equal the number of rows of the
right matrix. The product may be written with-
out the dot: A-B = AB.
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¢ ------ bi1 bi2 biz bus
1 + = B
o= \ba1 by Doz b
S o
air a2 €11 €12 €13 C14
- _— k- - - - - | '
A= a21 a2 C21 C22 C23 C24 | =(C

as1 asm c31 6%33 c34

c23 = ag1 - b1z + az - ba3

Theorem 14.7 (Calculation rules for matrix
product). For the matrix product we have:

e With A,B € M(m x n,K) and C,D €
M(n x p,K) we have:

A(C+D)=AC+AD  and
(A+ B)C = AC + BC

e With A € M(m x n,K) and B € M(n x
p,K) and A € K we have:

A(AB) = (AA)B = \(AB)

e With A € M(m x n,K), B€ M(n x p,K)
and C € M(p x q,K) we have:

(AB)C = A(BC)

e With A € M(m x n,K) we have:
A-I,=A and I, - A=A

<

Column- or row-vectors may be looked at as
matrices with one column or one row, respec-
tively. Hence, we may multiply matrices with
vectors under the same conditions as the matrix
product.

The product of a matrix with a column-vector
results in another column-vector. The number
of columns of the matrix must equal the number
of elements of the column-vector to be multi-
plied. The product column-vector has as many
elements as the matrix has rows.

ain a2 a13
az az a3 |
azl aszz ass
as1 Q42 Q43

Y2 = a21 - T1 + Q22 - T2 + a3 - T3
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The product of a row-vector with a matrix
results in another row-vector. The number of
elements of the row-vector to be multiplied must
equal the number of rows of the matrix. The
product row-vector has as many elements as the
matrix has columns.

o mmmmm oo a1l a12 @13 a4
(R —— a1 @22 a23 a24 | = A
« ----\a31 A32 a33 a34
| |

(9 %2, us 1) =y

Yo = T1-a12 + T2 - a2 + T3 - a32

We may also multiply a row-vector with a
column-vector and vice versa. Again, the num-
ber of columns of the left factor must equal the
number of rows of the right factor.

If we multiply a row-vector with a column-
vector, both with the same number of elements,
the product is a scalar, i.e. an element of K.

TR TR Y1
i_{_’:‘_ ****** Y2 |=Y
o\

T = (f1,£27x3)777Ja‘

Multiplying a column-vector with a row-
vector, both with arbitrary number of elements,
results in a matrix. The number of rows of
the matrix equals the number of elements of
the column-vector. The number of columns of
the matrix equals the number of elements of the

row-vector.
e (Y1, Y2,43,%) =Y
| b
| | |
|

T ai] ai2 @13 ai4

- - - - - - - = - '

rT=| 22 | [G21 a22 Q23 G24 (=T "Y

3 az] a3z /as3 as4

a23 = T2 Y3

Definition 14.8 (Inverse matrix).

If for a square matrix A € (n x n,K) there exist
a matrix B € (n x n,K) such that

A-B=1,
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we say B is the inverse of A and denote the
inverse matriz by A~1. If for a matrix A there
exist an inverse matrix A~! we call it an invert-
ible matriz. <

Theorem 14.9 (Calculation rules for inverse
matrices). For matrices A, B € M(n x n,K)

with existing inverse A~!, B~! we have:

e The inverse of the inverse is the matrix it-
self: .
(4= a

e The product of a matrix with its inverse is
commutative:

A A=A AT,

e The inverse of a product of matrices is
the product of the inverse matrices with
switched factors:

(A-B)yt=B"1.471
e The identity matrix is the inverse of itself:
L, =1,
<

Remark: We will see further down how to eval-
uate the inverse of a matrix.

14.5 System of linear equations

and matrices

Example 14.4. Let us look at the following
equation:

A . T = b

ail ai2 Gin b1
X1 b

ag Gz ags | ) _ 2
as1 azz ass b3
T3 b

@41 Q42 Q43 4

We have a matrix A = (aj;)4,3, a column-vector
r = (v1,22,72)7 and another column-vector
b = (b1,b2,b3,b4)T. We solve this separately

for the elements of b and get

anr1 + apr2 + aizrz = by
a21T1 + a2 + a3r3z = by
az1ry + agawy + azzrz = b
anT1 + G402 + as3r3 = by

which is the set-up of a system on linear equa-
tions, SLE, as we introduced it in the last chap-

ter.
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<

The example shows that we may use a matrix
product to evaluate for a given matrix A and
a column-vector x the column-vector b. How-
ever, for an SLE we want to do it the other way
round: For a given matrix A and a column-
vector b we want to derive the column-vector x.
We take the matrix equation for the SLE and
multiply both sides by the inverse matrix A~!:

A-x=b
A A z=A"1p
I,-z=A"1"b
r=A"1"b

Hence, if we find the inverse A~! of the coef-
ficient matrix A of an SLE, we directly may
derive the unknowns x from the constants b.

14.6 Matrix inversion

For an invertible square matrix A = (a;j), we
want to evaluate the inverse A=t = (b;;),. By
definition we have:

A-AT =1,
We express A~! by its column-vectors cj =
(b1j, b2, - - bny) T
bin b1z -+ bin
A1 bar b2 -+ bop
bnl bn2 e bnn
b1t bin
B ba1 ban
bnl bnn
= ((617027 cee 7CTL))

We do the same for the identity matrix I,
and express it by its unit-vectors e;:

1 0 --- 0
0 1 0
Iﬁ = .
0 0 1
1 0
0 0
0 1
— ((617627 7en))
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Now we get

A ((c1,e2,. 0 5cn)) = ((e1,€2,...,€n))
Column j of a matrix product depends only
on the left factor and column j of the right fac-
tor. All other columns of the right factor have
no influence on column j of the product. Hence,
we may separate the equation into a set of n
products of a matrix with a column-vector:

A - Cj = ej

O e

th

B

I
T
<

Trow

e}

forj=1,...,n.

Each of these n products may be solved for
the column vector c¢; like an SLE. However,
since the process is quite similar each time we
combine all SLEs into one large extended coef-
ficient matrix:

aij; aiz2 ... Qin 1 0 . 0
a1 a4ag9 ... QAa9n 0 1 . 0
an1 Qp2 ... Qpn 00 ... 1

After performing the Gauss-Jordan elimina-
tion we get on the right-hand-side the inverse
matrix A7,

Example 14.5. For the SLE

2 + y+ 2z =17
r+ 2y + 2z =38
4+ y+ 22=9

we want to derive the inverse coefficient matrix.
I.e. we neglect the constants in the first place
and use them only at the end together with the
inverse matrix to evaluate the unknowns.

We create the extended coefficient matrix:

21 1|1 00
1 2 1]/0 1 0
11 2]0 0 1
divide row 1 by 2:
1 11
1 53 3|5 00
1 2 1]0 10
11 2]0 01
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subtract row 1 from row 2 and row 3:

11 1
s 3] 3 00
I T B
0 3 3/—-3 01
multiply row 2 by %:
1 1 1 L 0 0
EE A
0 1 3|75 3 0
0 5 5/-3 01
subtract % of row 2 from row 3:
12 2 2 00
K T I
00 3[-3 -3 1
multiply row 3 by %:
1232 0o
01 3 —% % 0
3
00 1f-g -3 3

subtract % of row 3 from row 2 and % of row 3
from row 1:

1 L o &8 L _3

1o/ -1 8§ %
01 0]—3 1 —73
o0 1|-b -1

and subtract % of row 2 from row 1:

3 1 1

Srd B B |

01 0|—% 2 —2

00 1|1 1 4

4 1 4

Thus, we get the inverse matrix:

-1 3 1 1
PR IR I O B
11 a [
4 1 4

With the inverse matrix A~! and the constants
b=(7,8,9)" we evaluate the three unknowns:

AN AT
IO o/ \3
4 4 4

Ie

x1:%17—ié8—i-19:1

xQ_—?7+?8—§-9:2
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Example 14.6. The SLE

20+ y+ z=4
T4+ 2y + z=3
T+ y+2z2=1

is equal to the SLE of the previous example ex-
cept for the constant vector b. Hence, to derive
the unknowns we may take the inverse matrix
A~ of the previous example and the constant
vector b = (4,3,1)7:

EEINANE
K B
—3 "1 1 1 -1

ie. =2, y=1 and z=-1 <

14.7 Rank of a matrix

If a row-vector of a matrix may be expressed by
a sum of multiples of other row-vectors, we say
the row is linear dependent on the other rows.
In terms of solving an SLE such a row-vector
does not contain any information that is not
contained in the other row-vectors. We come to
a general definition of linear dependence:

Definition 14.10 (Linear dependence and in-
dependence). If for a set of vectors vy, ..., v, €
K™ there exist a set of scalars A\q,..., A\, € K
with at least one of them not being zero where

M1+ v+ ...+ Ay Uy =0

we say these vectors are linear dependent. If the
above equation holds only for the trivial case,
i.e. all scalars are zero, we say the vectors are
linear independent. <

When changing into its reduced row echelon
form, a matrix with linear dependent rows will
show zero rows whereas a matrix with linear
independent rows will show no zero rows.

Hence, the reduced row echelon form of a ma-
trix shows by its zero rows whether rows of the
matrix are linear dependent or not.

Linear dependent rows of an SLE may be re-
moved without changing the values of its un-
knowns.

Theorem 14.11 (Number or linear indepen-
dent rows and columns). For a matrix A €
M (m x n,K) the number of linear independent
rows and columns are the same. <
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Definition 14.12 (Rank of a matrix). We
call the number of linear independent rows (or
columns) the rank of a matriz.

For a matrix A we write in short: rank(A) <

Remark: The rank of a matrix equals the num-
ber of non-zero rows in its reduced row echelon
form.

Theorem 14.13 (Rank and solutions of an
SLE). Let A € M(m x n,K) be the coefficient
matrix and (A | b) € M(m x n+ 1,K) be the
extended coefficient matrix of an SLE with m
equations and n unknowns. The SLE has

e 1o solution if

rank(A) # rank(A | b)

e a single solution if

rank(A) = rank(A | b) = n

e an infinite number of solutions if

rank(A) = rank(A | b) <n
<

Example 14.7. We look at the following SLE:

z+y= 1
y 4+ 2= -1
z—z= 1

and change its extended coefficient matrix into
its reduced row echelon form:

11 0] 1
0 1 1]-1
1 0 -1 1

subtract row 1 from row 3:

1 1 0 1
0 1 1]-1
0O -1 -1 O

add row 2 to row 3:

11 0 1
01 1|-1
0 0 0]-1

subtract row 2 from row 1:

1 0 -1 2
0 1 1]-1
00 0]-1
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With A as the coefficient matrix and (A | b) as
the extended coefficient matrix of the SLE we
get:

rank(A) = 2 rank(A | b) =3
Hence, the SLE has no solution. <
Example 14.8. We look at the following SLE:

a+ 2b+ 3¢ =0
3a + 2b+ ¢ =4
a+ b+ c=1

Changing its extended coefficient matrix into
reduced row echelon form we get:

10 —-1| 2
01 2|-1
00 O

With A as the coefficient matrix and (A | b) as
the extended coeflicient matrix of the SLE we
get:

rank(A) =2 rank(A | b) =2

Since the rank of A and (A | b) are equal and
less than the number of unknowns we get an
infinite number of solutions. <

14.8 Problems

Problem 14.1: Which of the following state-
ments are true?

1. A diagonal matrix is an identity matrix.

2. The transpose of a square matrix is a
square matrix.

3. A diagonal matrix is a triangular matrix.

4. A matrix which is upper and lower trian-
gular is an identity matrix.

5. An identity matrix is a diagonal matrix.

6. A left triangular matrix is an upper trian-
gular matrix.

7. The transpose of an upper triangular ma-
trix is a left triangular matrix.

8. A matrix which is upper and lower trian-
gular is a diagonal matrix.
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9. A zero matrix is a triangular matrix.

10. The transpose of an identity matrix is a
diagonal matrix.

Problem 14.2: Let A € M(2 x 3,K) and
B,C € M(3 x 4,K). Which of the following
statements are true?

1. A-Be M2 x 4,K)
2. B-C e M(3x4,K)
3. A+ B e M(2x 4,K)
4. B+C e M(3 x 4,K)

ot

. A-(B+C)e M2 x4,K)
6. B-CT € M(3x3,K
7. B-CT e M(4x4,K
8. BT .C e M(
(

)
)
3 x 3,K)
)

9. BT .C e M(4x4,K
Problem 14.3: With

z=(1,2,3) y=(3,31)7T
perform the following multiplications:

1. z-y 3. xT-yT

4. yT. 2T

Problem 14.4: With

r=(1,2,3)
y=(3,4,1,2)7

21 3
A=\ 4 3 2
1 2 3

= = N

perform the following multiplications:

1. AT
2. z-A

3. A-y
4. A-I,

Problem 14.5: Evaluate the following prod-
ucts:

(1) (53
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B

1 25
2 ( )|
3 4 6 3

—_

=N
S Ot
N———

w
[
W
7N
L =

Problem 14.6: Evaluate the inverse of the

following matrices.

12 1 1/2
1. <:1)) i) 3.1 1 1/2 3/2
1/2 1/2 1
1 3 2
1/2 3/2
2. <1/4 1/2> 4 g f ;

Problem 14.7: Evaluate the inverse of the

following matrices.

01 2 3
Lot on
222 2
3210
1 2 -1 -2
—2 1 -1
S T
2 -1 1 -1
-9 1 1 1
5 L 1 1 11 -9
" 40 1 11 -9 1
11 -9 1 1
1 -1 -1 -2
-1 2 -1 1
4 1 -1 2 1
-1 1 1 -1
1110
1011
11101
1111

Problem 14.8: Is it possible that the rank of
the coefficient matrix of an SLE is larger than
the number of unknowns?

Problem 14.9: Is it possible that the rank
of the extended coefficient matrix of an SLE is
larger than the number of unknowns?
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Problem 14.10: Evaluate for the following
SLEs the rank of the coefficient matrix and the
rank of the extended coefficient matrix. What
is the consequence for the solution of the SLEs?

2v — 2y + 22 =0

1. T+ 2y + 2z =1
3y + 2z =1
20 — 2b + 2¢ = 6
2. a+ 2b+ 2c =5
20 + b + 3c =4
2u — 2v + 2w = 6
u + 20 4+ 2w = 5
3
20 + v+ w= 4
u— v — w= —1
2a + 3b + 2¢ + d = 4
a+ 2b + 3¢ + 2d = 4
4. 3a + 20+ ¢+ d=4
2¢ + b+ ¢+ 3d =3
a+ b+ 3c+ 2d =3
2¢1 + 3x9 + 223 + x4 = 4
r1 + 29 + w3 + 214 = 2
5. 3r1 + 2290 4+ 323 + x4 = 6
201 + xo + 223 + 3z4 = 4
1 + ®y + w3 — 2wy = 2
—u + 2v 4+ w4+ 2z = 5
20+ 3v — w — 2z = —1
6. 2u — 3v 4+ 2w + = = —1
3u — v — 2w+ x = -8
u+ v—3w— x=—6
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15 Vector-space

15.1 Introduction

There are several areas in mathematics which
seem to be completely different but still show
many similarities.

Points on a plane (R?), in a volume (R?),
vectors of real or complex numbers, polyno-
mials, continuous functions, differentiable func-
tions are some of many examples.

For all of them some sort of addition and mul-
tiplication with scalar are defined. Although be-
ing different fields of mathematics, many prin-
ciples apply to all of them.

The concept of vector-space is an approach
to raise the similarities. Once understood, they
can be applied to many mathematical areas.

In this chapter we look at the general defi-
nition of vector-spaces and study its properties
in the light of vectors, matrices and systems of
linear equations.

15.2 Definition of vector-space

There are two players in a sandbox: a wvector
and a scalar. They play with two tools: “addi-
tion” of two vectors and the “multiplication” of
a scalar and a vector.

players: tools:

@ “addition”

® “multiplication”
Both tools, “addition” and “multiplication” re-
sult again in a vector.

Definition 15.1 (Field K). In the following K
stands either for real numbers R or complex
numbers C together with the known operators
+ and - for addition and multiplication. <

Definition 15.2 (Vector space V over K). Let
V be a set and K a field with the two operators
@ and ®. For u,v,w € V and A\, u € K let the
following requirements be satisfied:
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1. closure:

vweV
AOveV

2. associativity:

(udv)Bw=u®d (vhw)
AO(pov)=N-pov

3. commutativity:

ubv=vdu

4. existence of neutral element:

v@ﬁzv, OeV
1ov=v, 1K

5. existence of inverse element:
vV = 6, vV ev
6. distributivity:

AOWBw)=A0vEA0w
A+p)Ov=A0vdudv

We then call V' a vector space over K. We call
v €V a vector and A € K a scalar. <

Example 15.1. We define a vector-space for
points on a plane: With V = R x R = R2,
c € Rand Z,§ € V, i.e. = (x1,22)7 and
7= (y1,y2)T for z1,29,91,y2 € R we define:

e addition: @7 = (z1 + y1, 22 +y2)7

e multiplication: ¢ ® Z = (¢~ x1,c- z2)T

e neutral element for @: 0 = (0,0)7

e inverse element for ©: 7’ = (—x1, —x2)7
e neutral element for ®: 1

It is easy to verify that (V,®,®) is a vector
space over R by checking against all axioms of
vector-spaces. <
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Example 15.2. Although not in our focus,
here an example with different “addition” &
and “multiplication” ®: Let V' =Ry = (0, 00)
the set of all positive real numbers. With
z,y € V and A € R we define:

“addition”: z®y=x-y
e “multiplication”: A ® z = z*
e neutral element for ®: 1

e inverse element for &: 2/ =z~ ! =

8=

e neutral element for ®: 1

By this definition V' is a vector-space over R.
Verify it! <

Example 15.3. Let f and g be functions with
domain D C R and:

(f+9)(z) = f(z) +g(x)
(Af)(x) = Af(=)

with A € R. Some vector-spaces over R:

e the set of all functions f: D — R
e the set of all functions f: D — C
e the set of all continuous functions

the set of all differentiable functions

the set of all polynomials

<

Remark: Once @& and ® have been defined it
is common to use again + and -. For v/ we write

—v. Instead of writing a+(—b) we write in short
a—b.

Theorem 15.3 (Properties of vector-space).
Let V be a vector-space over K, v,0 € V and
AekK.

e There exist exactly one zero-vector 0.

e For any v there exist exactly one inverse
element —v € V.
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e 00v=0and (-1)Ov=—v

Definition 15.4 (Column- and row-vector).
With n € N and zy,...,2, € K we define K"
as the set of all column-vectors noted as:

I
T2

8
I

Tn

Similarly we define K™ as the set of all row-
vectors noted as:

x = (z1,T2,...,%y)

Theorem 15.5 (Column/row-vector-space). A
set of column-vectors with the element-wise ad-
dition

1 Y1 1+ Y
T2 Y2 T2 + Y2
@ . = .

and the element-wise multiplication

il )\.1‘1
T2 )\xg

AO = . , AeK
Tn ATy,

is a vector-space. The same applies to row-
vectors K™*. <

Theorem 15.6 (Matrix-vector-space). The set
of matrices M (m x n,K) with

(@ij)mm @ (bij)mn = (aij + bij)mn
AG (aij)mm = ()\aij)mm, AeK

is a vector-space over K. <
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15.3 Subspace

Example 15.4. Let V be defined by
V=Alz,y) |2y =2, z,y e R}

with

(w1,y1) + (22, 92) = (71 + 22,91 + ¥2)

The set V forms on a Cartesian diagram a
straight line through the origin and fulfils all re-
quirements for a vector-space. Hence, although
being only a subset of R?, V itself is a vector

space. <
Yy
1 7 V—“
-2 — 1 2 v
—14

Definition 15.7 (Subspace). Let S be a subset
of a vector-space V', i.e. S C V. If S is a vector-
space itself, we call S a subspace of V. <

Theorem 15.8 (Conditions for a subspace).
Let V be a vector-space over K and S a sub-
set of V,ie. SCV. Withov,w e S and A € K
let the following be satisfied:

S#0 (non-empty set)
veweS (closure of @)
AoOvels (closure of ®)

Then S is a vector-space over K. <

Remark: To verify whether a subset of a
vector-space is a vector-space itself, not all ax-
ioms of definition 15.2 need to be tested. It is
sufficient to check the two closure properties.

Example 15.5. For any vector-space V we
have the so called trivial-subspace which con-
tains only the neutral element 0 for &: S = {0}.
<

Example 15.6. For a two-dimensional real co-
ordinate space R? all coordinates on a straight
line through the origin form a subspace. <
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Y,

S

I

Example 15.7. For a three-dimensional real
coordinate space R3 all coordinates on a flat
surface through the origin form a subspace. <

Remark: We can not use our eyes to “see” real
coordinate spaces with higher dimensions than
three. However, from three-dimensional real co-
ordinate spaces we may imagine a subspace as
a flat surface through the origin.

15.4 Linear (in-) dependence

Definition 15.9 (Linear combination). Let V/
be a vector space over K, vy,...,v, € V and
AL, .., Ap € K. We call

n
Z ALUE = A01 + Xovo + ...+ Ao
k=1

a linear combination of vy,...,v,. <

Definition 15.10 (Linear span). Let V be a
vector-space over K and v1,...,v, € V. We
call the set of all possible linear combinations of
V1, ..., Uy linear span or just span of vy, ..., vy,:

span(vi, ..., v,) = {Z)\kvk AL € K}

k=1
If span(vy,...,v,) = V we call {vq,...,v,} a
spanning set of V. <

Example 15.8. Let V be the two-dimensional
real coordinate space R? with the standard op-
erators + and -.

e The two unit vectors

(1) ()

form a spanning set for V.
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e The two vectors

R 1 . 1
v1:<0> and U2:<1>

form a spanning set for V. L.e. any vector
¥ = (x1,22)7 € V may be expressed by a
linear combination of ¥} and Ts:

< 1 ) = (xl — 1‘2)171 + xgﬁg

T2
() e (})

e The two vectors
S (2
and Uy = < 9 >

(1)

do not form a spanning set for V. E.g. it
is impossible to express (1,0)” by a linear
combination of #; and ws.

Example 15.9.

e The unit-vectors

1 0 0
el = 0 |, ea= 1 ], e3= 0
0 0 1

form a spanning-set for R3.

e The set of unit-vectors

{617 627 B 7671}
forms a spanning-set for R”.

e The set
{1,z,2% ..., 2"}

forms a spanning-set for all n'"-order poly-
nomials.

<

For a given set of vectors {vi,ve,...,v,}
there may or may not exist a dependency be-
tween the vectors. l.e. it may be possible to
express one of the vectors by a linear combina-
tion of the other vectors of the set.

E.g. the third vector of the set

1 0 2
{a17a27a3} = 3 ) 1 ) 3
2 1 1
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can be expressed by the other vectors:
az = 2a1 — 3as
or in homogeneous form:
2a1 — 3as —a3z3 =10

Obviously, there is no dependency among the
vectors of this set:

1 0 0
{61762763} = 0 y 1 ) 0
0 0 1

L.e. the homogeneous equation
Ater + does + Azez3 =0

holds only for the trivial case A\ = A9 = A3 = 0.
This leads us to the following definition:

Definition 15.11 (Linear independence). If for
a set of vectors {vy,...,v,} there exist a set of
scalars {A1,...,\;y} with at least one of them
not being zero where

AU+ XAovs + ..o+ Apuy, =0

we say the set of vectors is linear dependent.
If the above equation holds only for the trivial
case, i.e. all scalars are zero, we say the set of
vectors is linear independent. <

Remark: To determine linear dependency we
write the set of vectors as a matrix and change
the matrix into reduced row echelon form. If
the number of non-zero rows is less than the
number of vectors, we have linear dependency.

Example 15.10. For the set of vectors in the
previous example we get:

1 0 2
rref((ay,az,a3)) =rref [ 3 1 3
211

10 2

=101 -3

00 O

There are two non-zero rows, i.e. one less than
the number of vectors. Hence, the set of vectors
is linear dependent. <
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15.5 Basis and dimension

Definition 15.12 (Basis and dimension). If a
spanning set S of a vector-space V is linear in-
dependent we call S a basis of V. The number
of vectors in the basis is the dimension of V" and
we write in short dim V. <

Definition 15.13 (Standard basis). For the
vector-space K™ we call the set of unit vectors
{e1,e2,...,e,} the standard basis of K". <

Example 15.11.

e The two vectors v1 = (1,1)T and vy =
(=1, 1)T form a basis for the vector-space
V = R? where V has the dimension 2.

e The three vectors v; = (1,0,0), vo =
(0,1,0) and vz = (0,0,1) form the stan-
dard basis for the vector-space V = R3*
where V' has the dimension 3.

e The set of unit-vectors {ey, ea, ..., e, } form
the standard-basis for the vector space V =
R"™ where V has the dimension n.

e The set of vectors {vi,ve,v3} with vy =
(1,2,0), v2 = (2,3,—1) and v3 = (—1,0,2)
do not form a basis for the vector-space
V = R3* since the set of vectors is linear
dependent.

<

Theorem 15.14 (Unique coefficients for basis
vectors). Any vector v of a vector-space V' with
basis {b1, b2, . .., b, } can be expressed by the ba-
sis and a set of unique scalars {A1, A2,..., \p}:

v:Zkkbk:)\lb1+)\2b2+...+)\nbn

k=1

<

Example 15.12. Let V = R? with basis
{b1,b2}, by = (=1,0)7 and by = (1,1)”. Any
vector v = (v1,v2)? € V may be expressed by a
linear combination of the basis with:

v = (v1,v2)T = (vg — v1)b1 + vaba

:(wvl)(_é)ﬂ@(i)
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For example:

(=2,2)T = 4by + 2by
(1,2)7 = by + 2by
(2, -1)T = —3b; — by
(-1, -1)T = —by
<
2,
4by + 2bsy 91 b1 + 2bo
14 by
b1
ORI 1 2 =
_by, 1 —3by — by

Remark: How do we find the factors A1,..., Ay
to express any vector v € V by the basis-vectors
b1,...,b,7 We combine the basis-vectors as
column-vector to a matrix A = (aij)mn =
((b1,...,by)) and express the vector v by a
product of matrix A with the column-vector of
the factors (A1,...,A\n)7:

v = A1b1 + Xoba + ...+ A\,by,

ail a1n
a21 a2n,
=\ + ...+
Am1 Amn
ain a2 a1n A1
as1 a9 a2n A2
Aml Am2 **° Amn )\n

=A-)

Now we multiply the equation by the inverse of
A and get:

Al o=A1T A AN=T- A=)\

Hence, the inverse matrix A~ multiplied with
the vector v gives us the factors A1,..., A, for
the base-vectors by, ..., b,.

Example 15.13. Let VV = R3 be a vector-space
with the basis:

2 1 2
bi=|(2],be=10],b3=1]1
1 1 1
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We combine the basis to a matrix and create
the extended coefficient matrix

(4] 1) =

After applying elementary row operations:

1 0 0]-1 1 1
010|-1 0 2
0 01 2 -1 -2

(1A=

Now the factors A1, A9, A3 are

A1
)\2 = A_l - v
A3
-1 1 1 V1
= -1 0 2 || v
2 —1 -2 s
—v1 + V2 + U3
= —v1 + 2v3

21)1 — Vo — 2’1)3

Le. any vector v = (vy,ve,v3)’ € V may be
expressed by the basis with:
v =(—v + vy + v3)by
+ (—’Ul + 21)3)b2
+ (21)1 — Vg — 2?)3)[)3
E.g.
(1,1, )7 = by + by — b3
(1,2,3)7 = 4by + 5by — 6b3
(3,2,1)T = —by + 2b3
<

Remark: The basis of a subspace may have
less vectors than elements in the vectors. In
these situations the matrix of the basis-vectors
has more rows than columns. We again apply
the elementary row operations to the extended
coefficient matrix and bring it into its reduced
row echelon form to evaluate the factors for the
basis-vectors.

Example 15.14. Let S C R? be a subspace
with basis:

1 1
b=1| 2|, 0= 1
3 1
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We get
1 1|1 00
2 10 1 0
3 1/0 0 1
and
1 0/-1 10
0 1] 2 -1 0
0 0| 1 -2 1

Since S is a subspace not all vectors v € R3 are
elements of S which becomes clear from the last
row of the matrix. With v = (vy,ve,v3)T € S
we have:

21)1—1)2—2’03:0

and:

V= ('[)2 — Ul)bl + (2’01 — U2)b2

15.6 Linear mapping

Yet we looked at vector-spaces itself only. In
this section we will investigate linear functions
that map one vector-space to another.

In previous chapters we looked already at
functions that map one value to another. For

example:
J R=C
I { T — 2jx

maps to every value in R a value in C. In
this section we want to map every vector of one
vector-space to vectors of another (or the same)
vector space.

However, out the large variety of functions we
limit ourself to linear functions.

Definition 15.15 (Linear mapping). Let V'
and W be vector-spaces over K. A mapping
L:V — W is called linear if

1. L(x +y) = L(z) + L(y)
2. L(A\z) = AL(x)

for all z,y € V and A € K. <

Example 15.15. The linear map

I { R? — R2
(@)t e ()T

mirrors all points at the ordinate of a Cartesian
coordinate system. g
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Definition 15.16 (Kernel and image). Let V/
and W be vector-spaces over Kand L : V — W
a linear mapping. We define

image L= L(V) ={L(v) |ve V}
kernel L={v eV |L{w)=0}CV
In words: The image of L is the set of all pos-

sible values of L. The kernel is the set of all
z € X for which L(z) = 0. <

Example 15.16. For the linear map

. { R? — R2
()" e (2,0)7

we have

image L = {(z,0)T | z € R}
kernel L = {(0,9)7 | y € R}

<

Theorem 15.17 (Kernel and image are sub-
spaces). Kernel and image of a linear mapping
are subspaces, i.e. they fulfil all axioms of
vector-spaces. <

Theorem 15.18 (Rank-nullity theorem). Let
V and W be vector-spaces and L : V — W a
linear mapping. We then have:

dim V = dim(image L) + dim(kernel L)
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image L

image Lo

image L3

kernel L4 N image L4

Example 15.17. For the linear map
. { RS* N RQ*
. (.%'7y72)'—>($—y7y—[13>

we have

image L = {(z, —z) | z € R}
kernel L = {(x, —z,y) | z,y € R}

The image of L has a dimension of 1 and the ker-
nel of L has a dimension of 2. The sum equals
the dimension of the domain which is three. <

15.7 Matrices as linear mapping

Theorem 15.19 (Unique coefficients). Let X
be a vector-space over K with base Bxy =
{z1,...,2,} and Y be a vector-space over K
with base By = {y1,...,ym}. Let further
L: X — Y be a linear mapping.

We then have for every base-vector x; € Bx
unique scalars aq;, . .., Gy such that

L(a?j) =aijy1 +azy2 + ... + AmiYm
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Definition 15.20 (Transformation matrix).
We call the matrix constructed by the elements
a;; of theorem 15.19 transformation matriz. <

Example 15.18. We want to express the linear
map
R? — R3
L : T T
(,y,2)" = 22—y, v+ 2,y — 22)
by a transformation matrix. With v, v’ € R? we
get:

A - W = 7
ai; a2 a3 x !
a1 22 @23 Y = y
azl azz a33 z 2

Comparing with L(v) = v’ we get:

2 -1 0
A=(11 0 1
0 1 -2

<

Example 15.19. A transformation matrix may
be used to rotate points around the origin of a
Cartesian coordinate system.

N
/O;X—"/’/.p = (z,y)

-,
-
-

Empirically we derive the equations:
2 =xcosa—ysina
Yy = xsina + ycosa
which we may write in vector/matrix notation:
(x’>_<cosa sina>.<x>
y )\ sina  cosa Yy
p=Ap
<

Theorem 15.21 (Rank and dimension of im-
age). The rank of a transformation matrix
equals the dimension of its image, i.e. with
A= M(m x n,K) we have:

rankA = dim(image A)
<

Remark: The evaluation of the rank of a trans-
formation matrix gives the dimension of its im-
age. This may be done by changing it into its
reduces row echelon form.
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15.8 System of linear equations

A system of linear equations, SLE, may be
looked at as a vector-space for the unknowns
which is linearly mapped by a matrix to another
vector-space for the constants.

Example 15.20. For an SLE with 4 equations
and 3 unknowns on real numbers we have:

a1121 + a12T2 + a13x3 = by
a2121 + a2 + ag3xr3 = by
as1T1 + azar2 + azzrz = b

4121 + @422 + a43x3 = by

or
A T = b
ail a2 ais - by
a1 G2 a23 I )
a3y asz as3 s 3
aq1 Q42 @43 ba
with

z = (z1,z2,23)7 € R
b= (b1, by, b3,by)T € R?
A= (aij) :M(4X3,R)

The matrix A acts like a linear function:

R3 - R*
A
x> b= (aj)az T

<

Theorem 15.22 (Solution set of an SLE). Let
A= M(m x n,K) and b = K™. Let further be
x1 € K™ be a particular solution of the equation
Axz; = b and Sy be the set of solutions of the
homogeneous equation Az = 0.

We then have for the solution set .S of Az = b:

S:{ar1—|—a:0]x0650}
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We saw earlier that an SLE has three solu-
tions behaviours: no solution, single solution
and infinite number of solutions. With z as the
vector of unknowns, A as the linear mapping
matrix and b as the vector of constants we find
these behaviours again:

e If the constant vector b is not an element
of the image of the matrix A we have no
solution, i.e.

b ¢ image A <> o solution

e If b is an element of the image of A and
the dimension of the kernel of A is zero we
have a single solution, i.e.

b€ image A A dim(kernel A) =0

<> single solution

e If b is an element of the image of A and
the dimension of the kernel of A is greater
than zero we have an infinite number of
solutions, i.e.

b € image A A dim(kernel A) > 0

< infinite number of solutions

How do we find out, whether b € image A?
We change the extended coefficient matrix (A |
b) into its reduced row echelon form. If rank(A)
equals rank(A | b) we know that b is an ele-
ment of image(A). Otherwise b is no element of
image(A).

To derive dim(kernel A) we need the following
theorem:

Theorem 15.23. With A € M(m x n,K) we
have:

dim(kernel A) = n —rank A

Example 15.21. The SLE

1 + x9 + 33 = 2
21 + x2 + 223 =
3x1 + 20 + x3 = 2

[\

has the extended coefficient matrix:

11 3|2
Alpy=1 2 1 2|2
31 12
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and in reduced row echelon form:

1 0 —-11]0
01 412
0 0 00
I.e. we have
b € image A
rank A = 2

dim(kernel A) =1

Hence, the SLE is solvable with an infinite num-
ber of solutions. <

15.9 Problems

Problem 15.1: Let V = R?* be a set of row-
vectors with element-wise addition and multi-
plication. Show that V is a vector space by
checking all axioms.

Problem 15.2: Let V = M (2x2,R) be the set
of all real-valued 2 x 2 matrices. With element-
wise addition and multiplication, show that V'
is a vector-space.

Problem 15.3: Is the set
V={(z,9)T €eR? |z =2ty =3t,t R}

with element-wise addition and multiplication a
vector-space?

Problem 15.4: Which of the following sets
are subsets of R?* with element-wise addition
and multiplication?

L A(z,y) ly=22} 4. {(z,y) |z =1}
2. {(z,y) ly =z} 5 {(z,y) |y >0}
3. {(z,y) |z =0} 6. {(x,y) | vy =0}

Problem 15.5: Let V be the set of all points
on an infinite sized plane passing through the
origin of a three dimensional coordinate sys-
tem R3. Let W be the set of all points on a
straight line through the origin perpendicular
to the plane of V.

1. Is V a vector-space?

2. Is W a vector space?
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3. Isthe set {v+w | v e V,we W} a vector
space?

Problem 15.6: Derive the vector-spaces
spanned by the following spanning-sets:

o) G o) ()

3. {<1>,<_}>} 4. {ey,eq,€3,€4}
1 1 2
5 1.2, 11
2 1 1

Problem 15.7: Which of the following vector-
sets are linearly independent?

3 1 2
1. 41,021, 3
5 1 3
1 3 6
2. 1], 2.6
1 3 8
1 3 4 1
2 3 1 1
3 sl 2 2] 1
4 1 3 2
(/2 1 0 3
0 1 1 0
= 2 1222
1 3 2 2/

Problem 15.8: Give the standard basis of the
following vector spaces:

1. R? 2. R3 3. R”

Problem 15.9: Find three different basis for
each of the following vector-spaces:

1. R* 2.R? 3. {(x,y,2) eR¥* |z =y}

Problem 15.10: Let V = R?>* be a vector-
space with basis {b1,b2,b3}, b1 = (1,1,2), be =
(1,2,0) and bg = (2, 3,1). Express the following
vectors by this basis.

vy =(1,1,1) vy =(—2,0,2)
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ve = (1,2,3) vy =(-3,-2,-1)

Problem 15.11: Let S C R? be a sub-
space with basis {b1,b2}, by = (1,2,3)T, by =

(3,2,1)T. Try to express the following vectors
by this basis.
vp = (1,1, 1)7T v3 = (2,1,2)7

vy = (—-1,1,3)7 vy = (6,2, —2)7

Problem 15.12: Which of the following map-
pings for vector-spaces with element-wise addi-
tion and multiplication are linear?

Li:R2 5 R2 (2,9)7 — (2,)7

Ly : R = R* (z,y) — (2y,3x)

Ls : R? = R* (z,9)" — (2y,yz)
Ly:R?2 = R2 (z,9)T — (22, \/g)T

Ly : R2 = R3 (z,9)T = (z,y, 24+ y)T
Le : R¥* - R (z,9,2) — (x+y,y + 2)

Problem 15.13: Derive the transformation
matrices of the following linear maps.

Li:R?2 = R2 (z,9)T — (22,y/2)T
Ly : R? = R?, (z,9)T — (0,0)T

Ly : R* = R, (z,9)T — (x,9,0)T
Ly:R3 =R (z,y,2)T = (z+y,y+2)T

Problem 15.14: For the linear maps of the
previous problem find the dimensions of do-
main, image and kernel.

Problem 15.15: What is the effect of the
following transformation matrices that map R?
to R?, k,a € R?

1 0 cosa sino
1. 3. .
0 -1 —sina  Ccos«
9 k O 4 kcosa —ksina
) 0 k ' ksinae kcosa
Problem 15.16: For problem 14.10 of the
previous chapter evaluate the dimensions of the

domain, image and kernel of the coefficient ma-
trix.
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16 Determinants

16.1 Introduction

As you may have learned in school, deter-
minants have something to do with matrices.
However, the concept of determinants are older
than the concept of matrices!

The word determinant comes from determine
and it is about to determine whether an system
of linear equations (SLE) is solvable. It was
decades later that an SLE was formalized by
matrices.

The determinant is also useful to determine
the surface on a parallelogram or the volume
of a parallelepiped. Furthermore, determinants
may be used to actually solve an SLE. These are
the topics we want to handle in this chapter.

16.2 Determinant of 2x2 matrix

We look at a system of linear equations (SLE)
with two equations and two unknowns:

61171 + a12x2 = by

G211 + a22x2 = by

Under which conditions is this SLE solvable
with a single solution? We solve the SLE with
respect to x; and z9 and get:

a22b1 — a12b2

Tr =
a11a22 — 12021
a11ba — a21b1

Tr9 =
a11G22 — 12021

The denominator of both equations are equal
and must be non-zero to derive a single solution
for 1 and z9, i.e.

ajraze — ajzaz; # 0 (cond. for single sol.)

To determine whether the SLE is uniquely
solvable we evaluate the so called determinant:

Definition 16.1 (Determinant of 2x2 matrix).
With A = (ai;) € M(2 x 2,K) we call

ai; a2
det = ajiag — ajza91 € K
a1 a2
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the determinant of A. In short we write:

a1l a2

det(A) = |A| = 4y o

<

The determinant may be interpreted as the
surface S of a parallelogram spanned by the

two column-vectors v; = (z1,71)7 and vy =
T
(z2,92)" -
Yy V1 + U2
V2
Y2 |-----
1
: S
1
y1 |- - A vy
1 |
1 |
|
l 1
T2 T T

We separate the parallelogram into an area .S;
below the two upper lines and an area Se below
the two lower lines.

Y Yy »
Y2 |-- / Y2 T

) s J/ Ss
1 v 17
/:1:2 x T 9 T T
212 1Y1
SlzTy+$1 2+Ty
T1Y1 T2Y2
Sy = TR + oy + 28
S =5 -5
212 1Y1
=22 oy + S8
_3313/1_96 X2y
o 2U1 N
= T1Y2 — T2Y1

Using the standard notation of a matrix
(901 932>:<011 a12>:A
Y1 Y2 a1 a2

S = aj1a — ajpan

we get
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which looks much like the determinant of A.
However, the determinant of A may take nega-
tive values. Hence we write:

S = | det(A)|

From this graphical representation of the de-
terminant of a 2 x 2 matrix A we can derive the
following properties:

e If the two column-vectors of A are equal,
the determinant of A is zero.

e If the two column-vectors of A point ex-
actly in the same or opposite direction, the
determinant of A is zero.

e If one of the column-vectors of A is zero,
the determinant of A is zero.

16.3 Determinant of 3 x3 matrix

We look at an SLE with three equations and
three unknowns.

a1171 + ajaws + a13r3 = by

a2171 + agaw2 + az3r3 = bo

as1x1 + aszrs + agzrs = by
When solving towards x1, x2 and x3 we get
some fairly long equations. However, the tree
equations all have the same denominator. If

this denominator is non-zero the SLE is solvable
with a single solution:

11022033 + 12023031 + 413021032
— a31a22013 — (32023011 — A33a21a12 7 0
(condition for single solution)

To determine whether the SLE has a single
solution we define the determinant:

Definition 16.2 (Determinant of 3x3 matrix).
With A = (ai;) € M(3 x 3,K) we call

ajl a2 Q13
det(A) = det a21 ag2 Aas3
aszr a32 a33
= 11022033 + 012023031 + 13021032
— 31022013 — 0320230411 — A33021012

the determinant of A. In short we write:

ai; a2 a3
det(A) = |A| = | a21 aze a3
az1 as2 ass
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To memorize the equation we write down the
3 x 3 matrix and repeat column 1 and 2 once
more to the right of the matrix. Now we add
the products of the three diagonals pointing to-
wards south-east and subtract the products of
the three diagonals pointing towards north-east.
We call this the rule of Sarrus.

NN

a1l a2 aiz|ailr a2
a21 @G22 a23|G21 @22

’
s

a3zr az2 a3 |azr as2

S

The absolute determinant of a 3 x 3 matrix
A gives the volume V of a parallelepiped if its
spanning vectors vy, vo and vs are combined as
row- or column-vectors into a matrix, i.e.

V = | det(A)]

‘We observe:

e if all vectors are equal the determinant is
Zero

e if all vectors are on a line or on a plane the
determinant is zero

e if one vector is zero the determinant is zero

Transferred to a matrix we observe: if the
columns or rows are linear dependent, the de-
terminant is zero.

16.4 Determinant of nxn matrix

How do we evaluate the determinant for a
square matrix with arbitrary size? Unfortu-
nately, the rule of Sarrus can not be applied
for matrices larger than 3 x 3. Hence, we need
a general method to evaluate the determinant
of a square matrix. To get there we need the
term minor of a matrix A:
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Definition 16.3 (Minor of a matrix). The mi-
nor M;; € M(n —1 xn — 1,K) of a matrix
A € M(n x n,K) is the determinant of matrix
A where row ¢ and column j have been removed.
<

Example 16.1. The matrix

1 2 3
A= 4 5 6
7 8 9
has the minors
56 4 6 4 5
M11_89’ Mo = , M13_78’
23 13 12
M21:89’ Moo = , M23:78’
23 13 12
M31_56’M32_46’M33_45’
i.e.
My = -3, M= —6, M3 = -3,
Moy = —6, Moy = —12, Moz = —6,
M3, = =3, M3z = —6, M3z = -3
<

Definition 16.4 (Laplace expansion). Let A =
(@ij)n,n and M;; its minors. We define the de-
terminant by

n
det(A Z a”
=1

for any i € {1,...,n} (column expansion) or

M-

det(A) = (—1)i+jaijMij

1

J

for any j € {1,...,n} (row expansion). <

Example 16.2. We want to evaluate the de-
terminant of the matrix:

1
A=\ 4
7

oo Ut N
O Oy W

We use Laplace expansion on the first row:

det(A) = +a11 M11 — a12Mi2 + a13Mi3
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‘56 4 6 45‘

89 79 78
=1-(=3)—2-(=6)+3-(=3) =

el

or on the second column:

det(A) = —a12M12 + azMaz — azaMss

46 13 13
__2"79‘+5"79‘_8' 46‘
— 2.(—6)+5-(~12) —8-(—6) = 0

<

Remark: When the determinant of a larger
matrix is evaluated it is useful to expand over
rows or column with many zeros.

Example 16.3. We want to evaluate the de-
terminant of the matrix:

2 4 30
05 30
A= 3 0 4 2
03 5 0

We chose the last column to apply Laplace ex-
pansion:

The 2 is in the third row (¢ = 3) and fourth

column (j = 4), i.e. (=1)3t* = —1. We get:
2 4 3
det(A)=—2-|0 5 3
0 3 5

Then we choose the first column to apply once
more Laplace expansion:

——————

For the 2 in the first row and column we get a
positive sign, hence:

5 3
det(A)——2-2-’ 3 5 '

=-2.2.(5-5-3-3)=—64
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Although we can not see more than three di-
mensions we generally may look at the absolute
of determinants as the volume of parallelepipeds
spanned by the row- or column-vectors of the
matrices. This gives us a better understanding
for some of the following properties.

16.5 Properties of determinants

Theorem 16.5 (Properties of determinants).
Let A € M(n x n,K be a square matrix.

e If all rows or all columns of a A are equal:
det(A) =0

e If one row or column of matrix A is zero:

det(A) =0

e If the rows or columns of A are linearly
dependent: det(A) =0

<

Theorem 16.6 (Determinant and invertible
matrix). A matrix A is invertible if and only
if its determinant is not zero:

det A#0 <« A invertible

<

Theorem 16.7 (Determinants and elementary
row operations). Let A = M(n x n,K) be a
square matrix. We then have for

row switching: With A’ being matrix A with
two rows exchanged we get:

det(A") = —det(A)

row multiplication: With A’ being matrix A
with one row multiplied by A € K we get:

det(A") = Adet(A)
row addition: With A’ being matrix A with a
multiple of one row added to another row

we get:
det(A") = det(A)

<

Theorem 16.8 (Further properties of deter-
minants). Let A, B = M(n x n,K) be square
matrices and A € K. We then have
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o det A = det AT

e det(A\A) = \"det A
o det(A-B) =det A-det B
o det A= = (det A)~! for det(A) #0

<

Theorem 16.9 (Determinant of special matri-
ces).

triangular matrix. The determinant of a trian-
gular matrix is the product of its diagonal
elements:

det Atrlangle

H ajp = ai - aze-

diagonal matrix. The determinant of a diago-
nal matrix is the product of its diagonal
elements:
n
= Hall =a11-a22 ... Gnp
k=1

det (Adiagonal)

identity matrix. The determinant of an iden-
tity matrix is one:

det(l,) =1

<
Example 16.4. The determinant of
1 1 2 3
A= 3 0 4 5 is
0 0 6
det(A)=—=-1-4-6=3

<

Example 16.5. For the matrices
1 2 3 1 2 3
A=12 2 2], B=| 2 2 2
3 1 2 3 45
we want to derive the determinant of their prod-
uct det(A - B).

We discover linear dependency for the rows
of B (row 3 is the sum of the other two), hence:

det(A- B) = det(A) - det(B) =det(A4)-0=0

<
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Example 16.6. We were able to convert a ma-
trix A by elementary row operations into an
identity matrix. We did not exchange any rows,
multiplied rows by the factors \; = 2, Ay = %
and A3 = % and performed some row additions.
Are we able to derive det(A)?

We investigate the effect of row-operations on

the determinant and find:

det(In) = )\1 . )\2 . )\3 . det(A)

det(Z,) 1
det(A) = =
et(A) Mo As 2.1

Wl

16.6 Cramer’s rule

Determinants are an useful tool to determine
whether an SLE with n equations and n un-
knowns is solvable. But can we use determi-
nants to actually solve the SLE?

First we look at an SLE with two equations
and two unknowns

a1121 + ajaz2 = by

a2171 + azxe = by
<a11 012>'<$1>_<51>
ag1 Qg2 T2 by
A-xz=0D

with the solution:

brags — baai2

Ir1 =
a11Ga22 — 210412

a11ba — a1by

 anag — azai
In the denominator we find det(A). The nu-
merator equals the determinant of a modified
matrix A;:

' b1 a2
_ det(Ay) | b2 ax
e det(A) | a1 ar
a1 as

a1 by

_ det(A2) | an be
2= det(A) - ailr a2
a1 as

For A; we replaced column j by the constant
vector b.
The same is possible for larger matrices:
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Theorem 16.10 (Cramer’s rule). We consider
a system of linear equations

A-z=0D

with A € M (n x n,K) as the coefficient matrix,
r = (21,...,2,)7 € K" as the vector of un-
knowns and b € K" as the vector of constants.
We then get

. det(AZ)

Y17 det(A)
where A; denotes the matrix A where column 1
is replaced by the vector of constants b. <

Example 16.7. We consider the SLE

3r1+ 229 =9
221+ 3x2 =1
and get
A . x = b

(23) (%)= ()

Applying Cramer’s rule we derive:

9 2
Lo det(d) |1 3] 93-1.2
YT det(4) |3 2| 3-3-2-2
2 3
39
det(42) |2 1] 3.1-2.9
T2 = = = =-3
det(A) 3 2 3.3-2.2
2 3
<

Although Cramer’s rule is a simple method
to solve an SLE, it is very laborious to perform.
For an SLE with n equations and n unknowns
we must evaluate n + 1 determinants of n x n
matrices.

Hence, in most situations it is more efficient
to bring the extended coefficient matrix into its
reduced row echelon form and then to derive the
unknowns.

16.7 Problems
Problem 16.1: Derive the determinant of the
following matrices.
4 3
5=(51)

(1)
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Problem 16.2: Determine the area of the par-
allelograms spanned by the following vectors.

1. v =(1,2) and wvg = (—1,3)
2. v =(-3,6) and wvy=(2,—4)
3. v =(4,5) and vy = (5,4)

Problem 16.3: Derive the determinant of the
following matrices.

A:

Q

I
WN R BN~ DN
D RN OlW O~ NN
NN OO NN

!

I
N WUt OO~ NN
N RN O, O NNN
AR 00 R OO NN

Problem 16.4: Determine the volume of
the parallelepiped spanned by the vectors v; =
(1,2,3), v = (2,2,—1) and v3 = (—1, 3, 3).

Problem 16.5: Derive the determinant of the
following matrices.

0 3 3 4
2 3 4 2
A=14 00 2
135 1
1 2 4 4
0530
B=111209
5 4 3 1
1515
2 1 1 2
C=141014
2 3 0 2
3510 3
10320
D=|20 41 2
201 3 0
1545 2
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Problem 16.6: We applied elementary row
operations on a matrix A and converted it into
an identity matrix. We multiplied rows by the
factors Ay = 6, Ay = %, A3 = % and Ay = 2. We
exchanged row 1 with row 3 and added multi-
ples of rows to other rows. What is the deter-
minant of A?

Problem 16.7: Let A, B € M(4 x 4,K) with
det(A) = 6 and det(B) = 1. Solve the following
expressions.

1. det(AT) 2. det(BT)

3. det(A™1) 4. det(B™1

5. det(2-(A7Y) 6. det(2-(B7Y))
7. det((2- A)7Y 8. det((2-B)7h)
9. det(A- B) 10. det(BT - A)

11. det(A-A71) 12. det(A- B

Problem 16.8: Solve the first three SLEs of
problem 13.1 by Cramer’s rule.
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absolute complement, 4
absolute convergent, 37
absolute function, 47
absolute value, 20
Achilles and the tortoise, 33
addition theorem, 44
alternating series test, 39
AND, 76
arg(), 24
argument, 24
associativity
Boolean function, 76
integers, 15
natural numbers, 9
rational numbers, 17
vector-space, 93
asymptote, 72

basic derivatives, 55
basis, 97

Bernoulli’s inequality, 14
bijective, 6

binary relation, 5
bisection method, 51
Boolean algebra, 75
Boolean field, 17
Boolean function, 75
bounded function, 48
bounded sequence, 28

Cartesian Product, 4
chain rule, 56
closed interval, 19
closure
integers, 15
natural numbers, 9
rational numbers, 17
vector-space, 93
CN, conjunctive normal form, 78
codomain, 5, 68
coefficient matrix, 80
column-vector, 85, 94
column-vector-space, 94
commutativity
Boolean function, 76
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integers, 15

natural numbers, 9

rational numbers, 17

vector-space, 93
comparison test, 37
complement, 4
complex conjugates, 25
complex number, 22
complex plane, 23
complex-valued function, 47
composed function, 49
composition, 49
compound statements, 1
concave function, 70
conjugate, 25
conjugate complex zeros, 61
conjugation, 25
conjunction, 1, 76
conjunctive normal form, CN, 78
constant function, 5, 47, 75
constant sequence, 28
continuity, 51
continuous function, 51
convergence

of power series, 41

of sequences, 29

of series, 35
convex function, 70
cos(), 43
cosine by exponatial function, 43
cosine function, 43
cot(), 44
cotangent function, 44
Cramer’s rule, 107
curvature, 70

De Morgan, 2, 76
decreasing
function, 48, 68
sequence, 29
definite divergence, 31
derivative, 53
determinant
n X n matrix, 104
2x2 matrix, 103
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3% 3 matrix, 104
diagonal matrix, 85
differentiability, 53
differentiable, 53
dimension, 97
discontinuity, 71
disjunction, 1, 76
disjunctive normal form, DN, 77
distributivity

Boolean function, 76

integers, 15

natural numbers, 9

rational numbers, 17

vector-space, 93
divergence

of power series, 41

of sequences, 30

of series, 35
dividend, 11
divisor, 9, 11
DN, disjunctive normal form, 77
domain, 5, 68
double negation, 76

elementary row operations, 80
empty set, 3
epsilon-neighbourhood, 29
equivalence, 1

Euclidean algorithm, 11
Euler’s formula, 43

Euler’s number, 35

even number, 9

exclusive OR, 76

existential quantifier, 2

exp(), 42

expansion point, 41, 65
exponential function, 42
extended coefficient matrix, 80
extensional definition, 3
extremum, 49, 69

false, 1, 76

Field, 17

finite interval, 19
function, 5, 47

function composition, 49

fundamental theorem of algebra, 60

Gauss-Jordan elimination, 80
Gaussian sum, 14
geometric series, 36
geometric sum, 14, 36
global

extremum, 49
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maximum, 49
minimum, 49
greatest common divisor, 10
greatest lower bound, 20

harmonic series, 34, 35, 37, 39
Heron’s method, 13
homogeneous SLE, 79
horizontal asymptote, 72

i (imaginary unit), 22
identity function, 5, 47, 75
identity matrix, 85
image, 68, 99
image set, 6
imaginary number, 22
imaginary part, 23
imaginary unit, 22
implication, 1
increasing
function, 48, 68
sequence, 29
indirect proof, 2
induction start, 13
induction step, 13
inf(), 20
infimum, 20
infinite interval, 20
inflection point, 70
inhomogeneous
SLE, 79
vector, 80
injective, 6
integers, 15
intensional definition, 3
intermediate value theorem, 51
intersection, 4
intervals, 19
inverse element
integers, 15
rational numbers, 17
vector-space, 93
inverse function, 7, 50
inverse image set, 6
inverse matrix, 88
invertible matrix, 88
irrational number, 19

j (imaginary unit), 22
jump discontinuity, 72

kernel, 99

Laplace expansion, 105
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least common multiple, 10
least upper bound, 20
left open interval, 19
left triangular matrix, 86
left-sided limit, 51
Leibniz series, 34
less or equal, 18
limit
of a function, 50
of a sequence, 30
linear
combination, 95
dependence, 90, 96
independence, 90, 96
mapping, 98
span, 95
local
extremum, 49
maximum, 48
minimum, 48
logic, 1
lower triangular matrix, 86

main theorem of power series, 41
mathematical induction, 13
matrix, 85
and SLE, 88
inversion, 88
product, 86
vector-space, 94
max(), 20
max-term, 77
maximum, 20
mean value theorem, 56
min(), 20
min-term, 77
minimum, 20
minor of a matrix, 105
monotone
function, 48, 68
sequence, 29
multiple, 9
multiple zero, 60
multiplication

column-vector with row-vector, 87
matrix with column-vector, 87

matrix with matrix, 86
matrix with scalar, 86

row-vector with column-vector, 87

row-vector with matrix, 87

NAND, 76
negation, 1, 76
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negation function, 75
negative, 15
neutral element
integers, 15
natural numbers, 9
rational numbers, 17
vector-space, 93
non-trivial divisors, 9
NOR, 76
NOT, 76

odd number, 9
one-sided limit, 51
open interval, 19
OR, 76

order relation, 18

partial faction decomposition, 62
partial fractions
for complex poles, 64
for real poles, 63
partial sum, 34
periodicity, 48, 69
point symmetry, 48, 68
polar form, 23
pole, 61, 71
polynomial, 59
polynomial function, 59

positional
notation, 12
system, 12

power series, 41

powers of complex numbers, 25
prime factor, 9

prime number, 9

product of sequences, 10
propagation of uncertainty, 66
proper subset, 3

quotient, 11

radius of convergence, 42
rank
and solutions of an SLE, 90
of a matrix, 90
rank(), 90
rank-nullity theorem, 99
ratio test, 38
rational function, 61
rational numbers, 17
real numbers, 19
real part, 23
real-valued function, 47
reduced row echelon form, 81
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reflection symmetry, 48, 68
relation, 4

remainder, 11

removable discontinuity, 62, 72
right open interval, 19

right triangular matrix, 86
right-sided limit, 51

Roman numerals, 11

root test, 38

roots of complex numbers, 26
row addition, 80

row multiplication, 80

row switching, 80

row-vector, 85, 94
row-vector-space, 94

rref(), 81

rule of Sarrus, 104

saddle point, 71
scalar, 93
second derivative, 57
sequence, 28

of partial sums, 34

series, 34

series element, 34
set, 2

sign function, 51
sin(), 43

sine by exponatial function, 43
sine function, 43
SLE, 79, 100
and matrix, 88
solution behaviour of an SLE, 82
solution vector, 80
span, 95
spanning set, 95
square-matrix, 85
standard basis, 97
statement, 1
strictly
decreasing
function, 48, 68
sequence, 29
increasing
function, 48, 68
sequence, 29
monotone
function, 48
sequence, 29
subset, 3
subspace, 95
sum
of matrices, 86
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of sequences, 12

sup(), 20

supremum, 20
surface of parallelogram, 103
surjective, 6

symmetric function, 48, 68

system of linear equations, 79, 100

tan(

), 44

tangent function, 44
Taylor polynomial, 65
totally ordered set, 18

transformation matrix, 100

transpose, 86
triangular matrix, 86
trivial divisors, 9
trivial-subspace, 95

true

1,76

tuple, 4

union, 4
unit-vector, 86
universal quantifier, 2

upper triangular matrix, 86

vector, 93

vector space, 93
vertical asymptote, 72
volume of parallelepiped, 104

XNOR, 76
XOR, 76

zZero

matrix, 85
of a function, 48, 69
of a polynomial, 59

of a rational function, 61

sequence, 30
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